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Abstract— We investigate the energy efficiency (EE) of
multiple-input-multiple-output (MIMO) amplify-and-forward
relaying networks relying on the realistic imperfect channel state
information (CSI). Specifically, the relay jointly optimizes the
source covariance and relay beamforming matrices by maximiz-
ing the EE under additive or multiplicative relay-destination CSI
errors. The optimal channel-diagonalizing structure is derived for
the source covariance and relay beamforming matrices under
the spectral-norm constrained additive or multiplicative CSI
error. Then, the existence of a saddle point is proved, which
shows that the channel-diagonalizing transmission strategy is
optimal in the robust EE maximization under these two types
of CSI errors, and the original matrix-valued fractional robust
EE problem is transformed into a scalar fractional problem.
We propose the Dinkelbach method-based alternating optimiza-
tion scheme for this transformed robust EE problem, which
is capable of finding a locally optimal solution of the original
robust EE problem efficiently, and show that the semi-closed-
form solution to each of the two associated subproblems can be
obtained. We then prove that the channel-diagonalizing transmis-
sion strategy remains optimal when the statistically imperfect
source-relay channel is additionally imposed. We also extend
our work into multi-hop MIMO relaying scenarios and prove
that the channel-diagonalizing structure is optimal for the source
covariance matrix and the multiple relay beamforming matrices.

Index Terms— Robust energy efficiency optimization, additive
and multiplicative CSI errors, channel-diagonalization.

I. INTRODUCTION

OOPERATIVE relaying is a promising technique for
improving the communication reliability and expanding
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the communication range [1]-[3]. Moreover, given the mul-
tiplexing and/or diversity gains provided by multiple-input
multiple-output (MIMO) techniques, various relaying strate-
gies have been proposed for MIMO relaying systems [3]-[8].
Among these existing relaying strategies, the amplify-and-
forward (AF) strategy is popular since only a simple lin-
ear transformation is required for forwarding signals by
relays [3], [5]. Most of the existing literature of MIMO AF
relaying systems concentrates on the optimization of tradi-
tional performance metrics, such as the achievable capac-
ity and the minimum mean square errors (MSE) of signal
detection [4]-[8]. Recently, considerable attention has been
focused on the energy efficiency (EE), which is an impor-
tant system performance metric for promoting green com-
munications. Traditionally, it is defined as the ratio of the
achievable capacity to the total power consumption of sig-
nal transmission and circuit hardware dissipation [9]-[12].
There exist some works in the literature that investigate the
EE optimization for MIMO AF relaying systems [10]-[12].
Interestingly, these works provide a common insight that the
channel-diagonalizing transceiver structure is optimal, in terms
of EE optimization, which implies that similar to the opti-
mization of the traditional capacity and MSE metrics [7], [8],
the eigenmode transmission strategy is still optimal for EE
optimization. However, these works are based on the unreal-
istic assumption of perfect channel state information (CSI).
Since the CSI estimation errors are generally unavoidable in
practice, ignoring this uncertainty, as in the works [10]-[12],
will lead to significant EE performance degradation for MIMO
systems. Consequently, it is necessary to consider the influence
of CSI errors on the EE optimization of MIMO AF relaying
systems.

There are two types of imperfect CSI models. One is the
statistical CSI model, in which only partial CSI is available,
such as channel mean or covariance matrix. In this context,
given the channel distribution, various designs based on system
average performance were investigated [11], [13], [14]. For
example, the works [11], [13] studied the robust EE max-
imization of two-hop MIMO relaying networks given the
statistical source-relay channel or relay-destination channel.
In this case, the eigenmode transmission strategy is optimal.
The other is the approximate CSI model, which adopts an
error model for the CSI approximation. Generally, various
CSI error models are classified into the deterministic and
stochastic ones [15]—[21]. The deterministic CSI error is often
used for modeling quantization inaccuracy, in which only
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the estimated channel knowledge with bounded CSI error is
available [15], [16]. In this case, the worst-case robustness
optimization is mainly considered [17]-[19]. In other words,
the system performance under the worst-case channel quality
becomes an important criterion. Naturally, it is worth inves-
tigating whether channel diagonalization is still optimal for
EE optimization subject to the deterministic CSI error. To the
author’s best knowledge, this important issue has not been
addressed in the existing literature. For the stochastic CSI
error, which is well suited for modeling estimation inaccu-
racy, existing works typically involve outage-type performance
optimization [20], [21]. In this context, the system design is
generally more difficult than that for the deterministic CSI
error. There exist only a few works considering mean EE
optimization under outage constraints, in which the channel
diagonalization is generally unavailable [21].

This paper mainly investigates the robust EE maximiza-
tion of MIMO AF relaying systems under imperfect CSI
with the deterministically bounded CSI error. We aim to
jointly optimizing the source covariance matrix and relay
beamforming matrix/matrices to maximize the system’s EE
for MIMO AF relaying networks under both additive and
multiplicative CSI errors. The main challenge of this robust
EE maximization design is that it is essentially a two-objective
optimization, namely, maximizing the achievable worst-case
rate while minimizing the total power consumption. Clearly,
these two objectives are conflicting. Therefore, the optimal
diagonalization transmission strategy for traditional robust
capacity maximization [17] is not applicable, since both the
achievable worst-case rate and the total transmit power are
simultaneously maximized by diagonalizing the channel matri-
ces. The robust EE maximization design must find an optimal
trade off between maximizing the worst-case rate and mini-
mizing the total power consumption. Our main contributions
are summarized as follows:

o Under the spectral-norm constrained additive and multi-
plicative relay-destination channel errors, we prove the
existence of a saddle point for the robust max-min EE
problem. The analytical structure of this saddle point is
derived, which enables the scalarized reformulation of the
robust EE problem to reduce the optimization complexity
remarkably. An important insight provided by the optimal
analytical solutions is that the eigenmode transmission
strategy is optimal for the robust EE maximization under
the deterministic CSI errors. We further show that this
eigenmode transmission strategy remains optimal for the
robust EE optimization when the statistically imperfect
source-relay channel is additionally imposed.

o In order to effectively solve the scalarized EE optimiza-
tion, we propose an alternating optimization of the source
covariance matrix related subproblem and the relay beam-
forming related subproblem. For both these subprob-
lems, we can jointly apply Dinkelbach’s method [22] and
the Lagrangian dual method to obtain the water-filling
structured solutions. The convergence of the proposed
alternating optimization is established. This approach is
also applicable to the case with additional statistically
imperfect source-relay channel.
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o Furthermore, we extend our work to multi-hop MIMO AF
relaying scenarios. The eigenmode transmission strategy
is also proved to be optimal for the robust EE opti-
mization subject to deterministic relay-destination CSI
errors, and our proposed alternating optimization remains
applicable. The extension to the robust EE optimization
subject to additional statistically imperfect relay-relay
channels is also discussed.

The bold-faced lower-case and upper-case letters stand for
vectors and matrices, respectively. The transpose, Hermitian
and inverse operators are denoted by (-)T, () and (-)71,
respectively, while Tr(A) and det(A) denote the trace and
determinant of A, respectively. E[-] is the expectation, and
I, is the n x n identity matrix, while || - || denotes the
matrix spectral norm, and A > O indicates that the square
matrix A is positive semidefinite. 0,,x,, and 1,, denote the
n X m zero matrix and the n-dimensional vector with all
elements being one, respectively. The n x n square diagonal
matrix with the diagonal elements ai,aqo,--- ,a, is denoted
by diag{a1, ag, - ,a,}, and similarly for the m x n diagonal
rectangular matrix, all the off-diagonal elements are zero.
A@ B represents either A or B depending on which one is
actually considered. The rank of A is denoted by rank(A), and
(a)T =max{a,0}. The words ‘independently and identically
distributed’ and ‘with respect to’ are abbreviated as ‘i.i.d.” and
‘w.r.t.’, respectively.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. Two-Hop MIMO AF Relaying Networks

Consider a MIMO AF relaying network consisting of an
Ng-antenna source, an Np-antenna relay and an Np-antenna
destination, which operates in half-duplex mode. In the first
hop, the source transmits the data vector s € C™s having
the covariance matrix E[ssH] =V g eCNs*Ns tg the relay,
whose received signal y, € CV® is expressed as

Yr = Hsrs + ng, ey

where np € CN® is the additive white Gaussian noise
(AWGN) vector of the source-relay link with the covariance
matrix 02Iy,, and Hgg € CN#*Ns s the source-relay
channel matrix. The source’s transmit signal s has the power
Ps = Tr(VS). In the second hop, the relay retransmits the
signal received in the first hop by pre-multiplying y, with
the AF beamforming matrix W g € CNV2*Nr_ Thus, the relay’s
transmitted signal y’» =W gy has the power

Pr=Tr (WR(HSRVSHER + a,%INR)Wg) @

The signal iy, CVP received at the destination is then given
by
yp = HrppWrHgsps+ HrpWpgrnr+np,  (3)

where Hrp € CNp*Nr s the relay-destination channel
matrix, and np € CNP is the AWGN vector of the relay-
destination channel with the covariance matrix aflI Np-

We adopt the EE metric of the MIMO AF relaying network
as the optimization objective, which is defined as the ratio
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of the maximum achievable data rate to the total power con-
sumed. The maximum achievable rate or capacity measured
in [bit/s] is expressed as

B W
Rp = Elogdet (In,+ HrpW rHsrVsHspWrHpp
-1
X - (O‘?HRD WrW gH%D—FO’;IND) ); 4)

where B denotes the allocated system bandwidth and the
factor % indicates the half-duplex loss. We model the total
power consumption of the relaying network as the sum of the
transmission powers of the source and relay, scaled by their
respective power amplifier efficiencies, and the total circuit
power consumption Pc, given by

P(Vs,Wg) = ? + ? + P [Joule/s], 5)

S ™

where 0 < 73 < 1 and 0 < 7, < 1 are the source and
relay power amplifier efficiencies, respectively. According
to [10], [23]-[25], the total circuit power consumption Pc can
be modeled as Pc = Ng Py, +Ng Py +Ps;, where Py, ¢ and
Py, are the dynamic power consumption of each RF chain
of the source and relay, respectively, while Py = Py s+ Pt r
is the total static power overhead of the source and relay,
including baseband processing, power supply and cooling
power consumption. Reception generally consumes less circuit
power than transmission [23]. Therefore, we neglect the circuit
power consumption at the destination. From (4) and (5),
the EE metric is defined as

R

EE (V57 WR) = P (VSDWR)

[bit/Joule]. (6)

B. Robust EE Optimization Problem

At high signal-to-noise ratio conditions and with opti-
mal pilot design, receiver can acquire an accurate CSI with
training [26]. It is reasonable to assume that the CSI is per-
fectly available at receiver [11], [16], [17]. But transmitter can
only acquire this estimated CSI through a finite-rate feedback
channel, which introduces the quantization and feedback delay
errors [16]. Consequently, the CSI at transmitter is inherently
imperfect. Similar to most of the existing literature [15]-[17],
we first assume that the relay has the perfect knowledge of the
source-relay channel H g but it can only acquire an imperfect
relay-destination channel H rpp. However, we also consider
the more generic scenario where the perfect knowledge of the
source-relay channel is also unavailable. As aforementioned,
there exist two different types of imperfect CSI models,
the statistically and deterministically imperfect CSI. Different
from the works [11], [13], which study the robust EE opti-
mization under the statistically imperfect CSI, we study the
robust EE maximization for deterministically imperfect CSI.
In general, the deterministic CSI errors take two different
forms, additive CSI errors and multiplicative CSI errors.
According to [18], [19], the CSI feedback and quantization
errors are considered to be additive, while CSI calibration
mismatch and the channel dynamic variations are regarded as
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multiplicative errors. By applying the two types of CSI errors
to the relay-destination channel H pp, we have

Hor — {HRD+ARD7 |ArDll2 < €a,
RD

- —~ @)
(Iny, + Erp)Hrp, ||Erpll2 < €m,

where ﬁRD € CNoXNr g the known nominal relay-
destination channel, Arp € CNo*Nr and Erp € CNp*Np
are the additive and multiplicative CSI errors, respectively,
while ¢, and ¢, are the corresponding spectral norm bounds
of the CSI errors. To focus on the underlying principles
and without loss of generality, we consider additive CSI
errors and multiplicative CSI errors separately!. Note that
the spectral norm belongs to the unitarily-invariant norm sets,
in which the norm-bounded terms are statistically independent
and identical in all directions [15]. It also acts as the lower
bound of all unitarily-invariant norms. Hence, for the same
CSI errors, the spectral norm constrained case covers the
largest uncertainty region [15]. Furthermore, when consid-
ering another popular Frobenius norm expression, we have
HARDHQ < ||ARD||F < \/N_DHARDHQ, which indicates that
the spectral norm constrained CSI errors can also provide
valuable insights for the Frobenius norm constrained case.
Given the imperfect CSI specified by (7), the EE metric (6)
also depends on Arp@FErp and, therefore, it is expressed
as EE (VS7 Wg, ARDQERD).

Following the worst case robustness logic, the source
covariance matrix Vg and relay beamforming matrix W g
are jointly designed by guaranteeing the maximum EE for
all possible relay-destination channel realizations within the
uncertainty region defined by (7). This robust EE optimization
problem of MIMO AF relaying networks is formulated as

max min

Vs,WgrArpDERrpD

st. Tr(Vg) < Ps,..,

Tr (WR(HSRVSHEIR+U72«INR)W%) < PR
|ArD|l2 < €q or [[Erpll2 < €m, (8)

EE(Vs,Wgr,ArpPEgrp),

where Pg .. and Pgr are the maximum transmit pow-
ers of source and relay, respectively. As (8) contains the
interrelated optimization variables and the semi-infinite CSI
errors, the classical saddle point theory for concave-convex
problems [27, Theorem 36.3] cannot be applied. According
to [9], the max-min EE problem (8) can be reduced to a
NP-hard sigmoidal programming [28, Theorem 1, page 15].
Therefore, it is also NP-hard and very difficult to solve directly.

max

III. WORST CASE EE MAXIMIZATION FOR TwO-HOP
MIMO AF RELAYING

A. Derivation of Saddle Point

To simplify the intricate relationships among the opti-
mization variables {V g, W g, Agp@Egp}, we utilize the

1Our work can easily be extended to the case having both additive and
multiplicative CSI errors, namely, Hrp = (In, +Erp)Hgrp+Agrp.
This is because in this case, similar worst-case channel-diagonalizing structure
can easily be derived by applying the results of this work for the additive CSI
errors (A rp) and the multiplicative CSI errors (Erp HRp).
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Woodbury matrix identity to equivalently transform (4) into
B
Rp = 5 log det (INR+U;2HSRVSHI;R— o HgpVsHY,

X (INR+J$U;2WII%H%DHRDWR)71)

=R(Vs,Wgr,ArpDErD). ©)

Then the EE metric in (8) 1is rewritten as
EE (V5’7 Wg, ARDQERD) = R(Vs, Wg, ARDQERD)/
P(VS,WR). Since (8) is not concave-convex in
{(Vs,Wg,ArpDEgrp}, it is difficult to solve it directly.
Instead, we consider its counterpart, i.e., the following
min-max EE problem,

i EE(Vs,Wg,ArpQFE
anbiba, VI, PRV W AnpoBnn)
st. Tr(Vg) < Ps,,..

Tr (WR(HSRVSHER"‘UEINR)WI}%)SPR

IAgrpll2 < €q or [|[Erpll2 < €m.

max ?

(10)

Generally, mﬁxmin flz,y) < min max flz,y) [29,
Section 5.4] holds iri}lplying that the m?élx-min problem and
the min-max problem are not identical. However, accord-
ing to [30, Corollary 9.16], if there exists a saddle point
for EEV g, Wg, Arp@ERp), then it is globally optimal
for both problems (8) and (10). Hence, we first study
the problem (10) and derive its optimal solution, and then
prove that the obtained solution is indeed a saddle point of
EE(Vs,Wgr,ArpPERp). Let’s define the singular value
decomposition (SVD) of Hgr and H pp as

Hsp = UspEsrQir,
Hpgp = URDERDQ;Dv
where Usg € CN#*Nr and Qgp € CN*Ns as well as
Uprp € CNoXNp and Qrp€ CNr*NR gre the unitary singu-
lar matrices for H gg and H gp, \y\hile the diagonal rectangu-
lar matrices X gp € CVr*Ns and L pp e CVNP*Nr take Np =
min{Ng, Ns} singular values (SVs) {og1, -+, 05Ny} Of
Hsp and No =min{Np, Ng} SVs {Gra,1,- - ,ard’NC% of
ﬁRD as diagonal elements.
Theorem 1: For the min-max EE problem (10), the optimal

source covariance matrix V', the optimal relay beamforming
matrix Wy, and the worst-case CSI errors A, @ E, b satisfy

5 = Qsr¥sQin, (13)
~ -1

W5 = QrpEx(In, +0,°2srEs34g) *Udn, (14)

A%y = (15)

(1)
(12)

~ ~H
*
~UgrpArpQrp or ERp = —€nlny,,

where Eszdiag{/\&l, S /\s,Ns} and X x zdiag{U%l, e
Oz, Ne» 05+, O}E(CNRXNR, in which As; for 1 <i < Ng and
0z, for1 < j < Ncg replace V' s and W g as the optimization
scalar variables for the min-max EE problem (10), while the
diagonal rectangular matrix Arp € CNP*NE has the Ng
diagonal elements min{G,4.1, €.}, - -, Min{0q ne €a -
Proof: See Appendix A. U
Theorem 2: The optimal solution {V'¢, W}, Az p@E}p}
of the min-max EE problem (10) provided by Theorem I is the
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saddle point of the EE metric EE(VS,WR,ARDQERD),
ie.,

EE(Vs, Wr, Ak p@Egp) <EE(VY,
<EE(V§, W%, Arp@ERrp),

7%) AEDQE%D)
(16)

holds for any feasible V g, W g and Arp D ERrp. According
to [30, Corollary 9.16], it is also optimal for the original
max-min EE problem (8).
Proof: See Appendix B. 0
According to Theorems 1 and 2, the optimal V', W,
and ARp@E%p that solve the max-min EE problem (8)
all have the channel-diagonalizing structure. Calculating the
optimal V& and W7, becomes determining the values of

As=[Ae1 - Aens] and o, = [02 1"

2
21" "0z Ne

B. Proposed Alternating Optimization Algorithm

Based on Theorem 1, the original max-min EE problem (8)
with matrix variables can be equivalently transformed into the
problem (17) with scalar variables, shown at the top of the
next page, where N7, = min {Np, NC} and for 1 <17 < Ng,

~ +
6Td7i: { (Urd,i - 6a)

(1—€y,)t0ya,; for multiplicative CSI errors,

for additive CSI errors,

Compared to the original problem (8), the number of opti-
mization variables in the problem (17) is significantly reduced,
namely, from N§+N12% + NpNg to Ng + N¢. In order to
efficiently solve the problem (17), the fractional programming
theory [22], [30] is first introduced.

Lemma 1: ( [22], [30]) Given a fractional function f(A)=
%, provided that N(A) and G(A) are concave and
convex w.rt. A, respectively, then f(A) is quasi-concave.
By introducing an auxiliary variable n, a single-parameter
subtractive function is defined as

F(n) = max N(A) —nG(A). (19)
The inner maximization problem of (19) is concave w.r.t. A for
any fixed n, and F'(n) is a decreasing function of . Moreover,
the problem of maximizing f(A) is equivalent to finding the
zero point of F(n), and Dinkelbach’s method can be invoked
Sor finding F(n) =0, which is guaranteed to converge to a
globally optimal solution of maximizing f(A) [22].

Taking the second derivative of the numerator of the objec-
tive function in (17) w.r.t. A4 for fixed o, it is seen that the
numerator of the objective function is concave w.r.t. As. The
denominator of the objective function in (17) is linear w.r.t.
As given o,. According to Lemma 1, the problem (17) is
quasi-concave for Ag given o . Similarly, the problem (17) is
quasi-concave for o, given A;. Therefore, it can be efficiently
tackled by an alternating optimization between the subproblem
of optimizing A, for fixed o, and that of optimizing o, for
fixed ;.

By introducing the auxiliary variable n based on Lemma 1,
we transform (17) into the following single-parameter
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?

Np, 140, 0_2"5 1~3d i
Zi:l 1Og <1+U'rr~20'fr i As 1+‘72‘7 i 152(1 i + Z 1Og (1 + J ST’ Z>\ )
max
As,0, Ns A
s Y A + Y0 020

i=1

N¢
2 2
E : 0:0xi < PRmax’

z + Pc
(17)

subtractive problem

2 _—2_2 ~2

N 1+o0jio,%0; ;0
max Z L(lo ( 722 d x,1 rsz — )
sy 0 =1 I+or Osr, z>‘5 i+ UQUd 0%,i0%rd,i
+ IOg (1+U; Usr,i)‘svi))
Ns Nc
— n(zizl )\s,i+zi:1 rJz ’L+PC)

N N
s.t. Z_Sl Xei <Ps,., Z: 0202, < Pr,... (20)

For given 7, since (20) is strictly concave w.r.t A, for
fixed o, and vice versa, the Lagrangian dual method can be
adopted for obtaining the corresponding optimal solutions to
the respective subproblems. Specifically, given 7, we introduce
the Lagrangian dual function of (20) as

L(Xs, 00,1, B;m)
=3 Jog ( o
DI
)Y e

2 2 ~2
Uz zard ) )

2

~2
J;r ngd i

1+ 020d

—2 o2
Or sr1>‘5 Z+J gd

log (1+0, 08”)\ i)

(n+ﬁ)z

7‘ Z"L+C
21

where p and ( are the Lagrangian multipliers for the source
and relay transmit power constraints, respectively, and C'=

Ps,...+ 0Pr,.. —mPc. For the subproblem of optimizing
o, given A;, we take the derivative of L(As, o, u,3;1n)
w.r.t. 0, ; and utilize Karush-Kuhn-Tucker (KKT) conditions
to obtain the optimal o, for fixed A, denoted by o, (As; 1),
as (22) shown at the bottom of the next page. where 3 satisfies
B ( ZZ 10702 . —Pr ) =0 and it can be determined by the
bisection search owing to the monotonically decreasing prop-
erty of o2 ,(As;n) w.rt. 8. Similarly, for fixed o, we have
the optimal A, denoted by As(oz;m), in (23), shown at the
bottom of the next page. where owing to the monotonically
decreasing property of As(o,;n) w.r.t u, o is chosen by the
bisection search to ensure p Zi]\fl Xs,i — Ps,.) = 0.

For efficiently realizing the worst-case EE maximization,
we apply Dinkelbach’s method to both the subproblems of (20)
to update n by utilizing the optimal o, in (22) for fixed
As; and by utilizing the optimal Ay in (23) for fixed o,
respectively. Dinkelbach’s method is an iterative optimization
process, which converges when the zero objective value of
the problem (20) is realized. Specifically, the update of n
in Dinkelbach’s method based on {A;, 0, } is given by (24),
shown at the bottom of the next page. Integrating (22) to (24),
the proposed alternating optimization for the worst-case EE

max

maximization under additive or multiplicative CSI errors is
summarized in Algorithm 1.

C. Convergence and the Speedup Strategy

For characterizing the convergence, let us consider the
arbitrary feasible initial value A@”’ and n(™ for the
nth iteration of Algorithm 1. According to Lemma 1,
given )\gn), the o, related subproblem of (20) is strictly
concave, and we can obtain the unique and glob-
ally optimal a'(nﬂ) in (22), which implies that after
Step 2 of Algorithm 1, EE(Vg’),Wg”), RD) <
EE(VY), Wit A% oES,,). Given a(”“), the A,
related subproblem of (20) is also concave, and the globally
optimal and unique Ag”“) is derived in (23), which implies
that after Step 3 of Algorithm 1, we have EE(V (Y, W)

wp@Eyp) < EE(VUT Wit Ar o E%;). Com-
bining these two non-strict inequalities, we generally

have EE(VY, W ALpoByp) < EE(VE™, Wi,
wp@Egp) after the (n + 1)th iteration. It is w1dely
exploited that the worst-case robust maximization is gen-
erally upper bounded by the corresponding perfect-case
maximization [11], [13]. By setting 0,4, =0ra,i» 1 <i<N¢,
in the problem (20) to indicate that the relay’s knowledge of
H rp is perfect, it becomes the perfect-case EE maximization,
which has been solved in [11] and the solution provides an
effective upper bound for our worst-case EE. Since the achiev-
able worst-case EE of Algorithm 1 is non-decreasing and
upper bounded, we conclude that Algorithm 1 is guaranteed to
converge to a stationary point {3, o5t} of the problem (17).
Substituting this stationary point of the problem (17)
into (13) and (14) of Theorem 1 yields a locally
optimal ~solution {V% W%} to the problem (8)
given A%L,0E%p,  which satisfies EE(VE, Wi,
ALp@ELp) > EE(Vs,Wg,Arp@ELp) and
(Vs,Wgr) € UVE Wids) (Here, UVY W;da)
denotes the vicinity sphere of point {V%, W'} with
radius &4). Moreover, given {V% W%, it is observed
that the worst-case additive/multiplicative error to the
problem (8) is still ARp@E%p, and thus we have

EE(VY, W3, Ay p0E,y) <EE(VE, W Arp@Egp).
Therefore, for any (Vg,Wg) € UV W:d.),
it yields EE(Vg,Wg, ALRp@EL,) < EE(VY,

W%, ;%DQE’}(%D) < EE(V?,W?,ARDQERD), based
on which we can conclude that {Vy W% A% ,PERy}
is a local saddle point (stationary point) of the max-
min EE problem (8). In addition, it is readily inferred
that by setting n = 7™ and n = 7 for Step 2 and
Step 3, respectively, the objective function value of
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Algorithm 1 The proposed alternating optimization for solv-

ing (17)

Require: The initial )\(50) and n(); a sufficiently small toler-

ance threshold ¢ > 0; the iteration index n = 0;

1: repeat

2: Fix Ay = AgT'), start from 1 = 1), apply Dinkelbach
method to iteratively optimize between o, (AgT');n) of
(22) and 77()\(5"),096) of (24) to obtain ") and 7
that realize the zero objective value of (20);

3 Fix o, = 0"V, start from 5 = 7, apply Dinkelbach
method to iteratively optimize between A (a&”“); n) of

(23) and 77()\5,0'&”“)) of (24) to obtain )\((S"H) and
n+1) that realize the zero objective value of (20);
4 n=n+1;
< until JEE(VE Wi A B
n— n—1 n—1 n—1
BE(VY Y Wil AR Ve V) < ¢
Ensure: EE(V 5, W§, Azp@ELp) with Vi =
Wi =W and AypoEy, = AT oEY)

v,

problem (17) is also non-decreasing between the inner
iteration of Step 2 and that of Step 3. In other words,
with the obtained {W{ V(") after the nth outer
iteration, we further have EE(V(Sn),WS%n), =pPE%p) <
< EE(VQ wims A% oEL,) < - <
EE(VY) Wit A% oEy,) < < EE(V§m*),
WgH_l)a ;%DQE;%D) S S EE(VA(Sn-i_l)ngl-i_l)v
wpPE%Lp), where Wg”""‘) and V(Sn") denote the
optimized W i and V g after the kth inner iteration of Step 2
and Step 3 in the n+1th outer iteration, respectively. Overall,
by defining 7 = n(™) and n = 77 for Step 2 and Step 3 of
Algorithm 1, respectively, the achieved EE value for the
problem (17) is guaranteed to be non-decreasing both in the
inner iteration of Step 2/Step 3 and in the outer iteration
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between Step 2 and Step 3, which is beneficial for speeding
up the convergence of Algorithm 1.

D. Optimality and Complexity

Although a local stationary point {3, 5!} of the prob-
lem (17) found by Algorithm 1 is not necessary an opti-
mal solution, it can be seen from the above discussions
that the solution {V%, W4, AL, ,@E%,} associated with
{X3* g%t} as in Theorem 1 is also a local saddle point to the
max-min EE problem (8). A further advantage of Algorithm 1
for solving the non-convex problem (17) is its low com-
putational complexity, on the order of O(Iite (Ns log,(Ng)
+Nclogy(N¢))) due to water-filling solution in each step,
where [;;, denotes the total number of outer-inner iterations.
As presented in Section V, Algorithm 1 converges within
10 iterations for both outer and inner loops. This should be
contrasted with the computational complexity of brute-force
search for finding an optimal solution to the problem (17),
namely, O ((%)Ns (%)Nc), where As is the step
length. To obtain an accurate solution, a small step length
As is required, which imposes extremely high complexity.
In addition, an upper bound for the objective function of
problem (17), denoted as fu,(As, 04 ), is given by (25), shown
at the bottom of the next page. The inequality in (25) is derived
according to the identity a+b > 2v/ab. Note that this upper
bound is jointly quasi-concave w.r.t {As, o,}, to which the
globally optimal solution is available. Moreover, we readily
find that this upper bound becomes tight when the sufficiently
high transmit powers at source and relay are considered.

To demonstrate the effectiveness of our proposed alternating
optimization, Fig. 1 firstly shows the worst-case EE perfor-
mance as the functions of the source transmit power Pg,
for Algorithm 1 and the brute-force search, in comparison
with the upper bound (25), where a small-scale system setup
with Ng/Ng/Np=2/2/2 and Pg,. =30dBm is considered.
Then Table I compares the execution times of Algorithm 1
and brute-force search for solving the problem (17). It can

—2 o ~o
—4 4 2 do, asr,i/\sviard,i -2 2 .
, \/a,« TsriNsi ¥ —Tarmor — — Or Osritsi =2 .
;i (Asim) = Py~ , 0rqi>0and 1 <0 < Np, : (22)
’ 2070, O
0, 5Td,i200rNL+1SiSNC7
407%02 02 .52 .
15454 F4 2% Tsri%,i%di _ 52 —2 2 =2
\/Jrgd 0z,i0rd,i T I 2(ptn) 070, °02:i004,; — 2 ,
)\s,i(az;n) = 20_,20_2 y Osryi >0 and 1 é 1 S NLa (23)
r STy
0, O’ST’Z‘ZOOI‘NL-l—].SigNs,
Np 1+Uﬁa;20i,ig2d,i Np —2 2
Zi:l 1Og <1+m~20’5,,_.1-)\,;,7:+U$adzai.i"a'fd i + Zi:l log (1 +o, JST7i>\Svi)
U(Aw O'x) = (24)

Ns Nc 2
Yt Asi 25 0705+ Fo
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TABLE I
COMPARISON OF EXECUTION TIMES BY THE PROPOSED ALTERNATING OPTIMIZATION AND BRUTE-FORCE SEARCH

Time (s) Power(dBm)
24 26 28 30 32 34 36 38
Method
Algorithm 1 0.033 | 0.038 0.061 0.067 0.070 0.071 0.081 0.062
Brute-force search As=0.1 0.039 | 0.042 | 0.0642 0.072 0.147 0.278 1.363 7.558
Brute-force search As=0.05 0.042 | 0.057 0.071 0.191 1.076 7.272 110.524 846.584
Brute-force search As=0.01 1.381 | 8.116 | 79.445 | 744259 | 4.874E+3 | 1.718E+4 | 5.305E+4 | 1.599E+5
1 following average EE metric can be considered [13]
;glo' M S EE (Vs, W, Arp@ERrDp)
3 _ E[Rp(Vs,Wgr, Arp@ERD)|
oy EP Vs, Wg)]
[sa]
=l _ E[Rp(Vs,Wr,ArpPErp)] o7
g —— Algorithm 1 % + E[f’R] + Py ’
s —="Brute-force As=0.01 i "
3 Tr — — Brute-force As=0.05 || —
ig;z::g::nfszm where the expectation is w.r.t. the distribution of H gr. Then

24 26 28 30 32 34 36 38

Ps (dBm)

max

Fig. 1.  The worst-case EE performance as the functions of the source
maximum transmit power Pg__  for Algorithm 1 and the brute-force search,
in comparison with the upper bound.

be seen from Fig. 1 and Table I that there is almost no
loss of optimality by using Algorithm 1, which imposes a
dramatically lower complexity than the brute-force search. We
also observe from Fig. 1 that the gap between the upper bound
and optimal solution to the problem (17) is much reduced at
high source transmit power.

E. Extension to Imperfect Source-Relay Channel

Since the relay can estimate H gpr with higher accuracy,
the deterministically imperfect model, such as the one adopted
for H pp in (7), is inappropriate for H gg. It is more appro-
priate to adopt the statistically imperfect CSI model [11], [13],
[14] to express Hsg as

Hsp = RyHspRE, (26)
where the positive semidefinite Rp € CN2*Ne and Rg €
CNsxNs are the relay and source spatial correlation matrices,
respectively, while Hgr € CN2XNs js a random matrix
whose elements are i.i.d. complex Gaussian variables with
the distribution CA/(0,1). Both Ry and Rg are available at
the relay but the instantaneous H gp is unknown. Thus the
instantaneous robust EE optimization (8) is infeasible, and the

the robust average EE maximization problem for the two-hop
MIMO relaying network is given by

EE(Vs,Wgr,Arp@ERp),

max min
Vs,Wgr Arp@ERD

s.t. TT(VS) < PSmmu
E[Tr(WR(HSRVSHI;R+UEINR)WII%)} <Pr

IAgrpl2 < €q o1 |Egpllz < €m.

max )

(28)

By defining the eigenvalue decompositions (EVDs) of Rp
and Rs as Rp = UpArU% and Rs = UsAsU?%,
respectively, where the unitary matrices U p € CV2*Nr and
Ug € CNs*Ns consist of the eigenvectors of Rr and Rg,
respectively, we have the following Theorem.

Theorem 3: For the robust average EE maximization (28),
the worst-case error A, G Egp is the same as that given in
Theorem 1, with the structures of the optimal V' and W'},
given by

5 =UsssUy,
~ 1
7 = QrpEx (Ing + 0, " SspEs35R) Uk (29)
Proof: See Appendix C. g

Based on Theorem 3, the matrix-variable robust average
EE problem (28) can be equivalently transformed into a
scalar-variable one. As shown in [11], this scalar-variable
problem consists of two concave subproblems due to the con-
cavity and monotonicity of the function E[log(-)]. However,
evaluating E[log(-)] imposes high-complexity. To solve (28)
efficiently, a deterministic approximation of the average EE is
required. We apply Jensen’s inequality to the concave function
E[log(+)] to derive the analytical upper bound of the average

o;%02 52, .02 .\ ;zai 7E?d o2, 7( s, 1+°’§"j 1)
1 14+ d “nub”m log (1+ )
og 1+o 202 2 2 52 o5 202 +020 2 +2\/a 07252
fup()\370';c): - +or agran-i-a 172,; o'a“l rdi/ - N' sryi dN rd,i = sri%d rd,i (25)
S c 2 - S c ;2
Zi:l)‘91+z 107 gcz+PC Ei:l)‘91+z 107 :c7,+PC
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EE [11]. Then the proposed alternating optimization can read-
ily be applied to this upper-bound average EE optimization.
Remark 1: The relay needs to feed back the optimal covari-
ance matrix Vg to the source, which introduces the feedback
errors to V5. When the source covariance matrix error AV g €
CNsxNs js taken into account, the proof of Appendix A
is not applicable, since both the numerator and denominator
of the EE metric contain the semi-infinite AV g. A possible
solution is to consider a lower bound optimization of this truly
robust EE design, where the possible maximum total power
consumption under the spectral norm constrained AVg is
adopted. Then AV g is only contained in the rate function
and the corresponding minimum achievable rate in (4) is
readily observed at AV =—el . Since the resultant lower-
bound robust EE optimization is similar to that of (8) or (28),
the channel-diagonalizing structured new relay beamforming
W, can still be proved following the proof in Appendix A.

IV. EXTENSION TO MULTIHOP MIMO AF
RELAYING NETWORKS

An Ng-antenna source transmits signals to an Np-antenna
destination via K Npg-antenna relays Ry, for 1<k<K.
Denote the source-relay channel by Hgr, € CNrxNs,
the relay-relay channels by Hpg, g,,, € CN#*Nr for 1 <
k < K — 1, and the relay-destination channel by Hpr, p €
CNpXNRr_ The received signals at each relay and the des-
tination are given by (30) and (31), respectively, at the top
of the next page. where ng, € CNr, 1 < k < K, is the
AWGN vector at relay k& with the covariance matrix afI Np»
and ng, € CNP is the AWGN vector at the destination with
the covariance matrix UflIND, while Wg,, 1 <k <K, is
the beamforming matrix of relay k. Since typically the relays
chosen are static or at most slowly mobile w.r.t. the source,
the source-relay channel and all relay-relay channels can be
acquired with high precision through training [31]. We further
assume that the estimated H g, and HRkRk+1 CI<E<K-2,
can be transmitted to relay K perfectly. Thus we assume that
the perfect {Hsg,, Hg, R, ,,1 <k <K —1} are available at
relay K, and consider the deterministically imperfect H g, p
with the additive or multiplicative CSI errors

Hpop— Hpp+AgkD, HARKDH2§6a,(32)

(INnp+Erp)Hr D, |Eripl2<em,

where ﬁRK p € CNpxNr ig the known nominal relay-
destination channel, Ag,.p € CVo*Nr and Eg,.p €
CNp*Np gre the corresponding additive and multiplicative
CSI errors. The robust EE optimization problem under the
uncertainty model (32) is formulated as

max min EE,, (Vs,WR,ARKDQERKD)
Vs WgrArRgDIER,D
_ Rmul
Pmul’
s.t. TI‘(Vs) <Psg,.... Pr.<Pgr,..1<k<K,
||ARKDH < € Or HERKD” < €m, (33)
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where W = {Wg, ,Wg,,---,Wg,}, the maximum
achievable rate Ry, is given by

Ryl = il log det (In,
+ H 1 Hsg, VngRl HﬁuuN;Llu)v (34)
with
P H 2
Nmul = 0, Zm:l Hmul,mHmul,m + JdINDv (35)
K—1
Hmul,m = HRKDWRK Hi:m HR¢R7‘,+1WR7‘, 5 (36)

and the transmit signal power Pr, of relay k, 1 < k < K,

is given by (37) at the top of the next page, while the total
power consumption P, is expressed as

_ Pg K PRk

Pmul - +Zk:1 Tr

Ts

+ P, (38)
in which P/, is the total circuit power consumption. Similarly
t0 (5). Pl = NsPays+Ng 3y Pay.rs Pl with Pay
denoting the dynamic power consumption of the kth relay’s
RF chain, 1 <k <K, and the total static power consumption
of the source and all relays is P, :PSt,S—l—EkI,{:lPSm,k.

A. Proposed Robust EE Design

Clearly, the max-min EE problem (33) is more challenging
than the problem (8) but the former has the similar structure
to the latter and, therefore, it can be solved with the similar
approach as detailed in Section III. Specifically, let us define
the following SVDs

Hsp, = Usp,Bsr, Q4p, (39)
HRkRk+1 = URkRk+1 ERkRk+1 QI}%kRkHa (40)

—~ . ~ ~H

Hprip =UprpERkDQRp, 1<k<K-1. (41)

where Usp, € CVo*XNrand Qgp, € CNs*Ns, Up,p,,, €
CNrxNr gpd QRkRkJrl € CNexNr_ag well as Ug,p €
CNp*Np and Qg,.p € (CN/R\XNR are the unitary matrices
for Hsg,, Hr,r,,, and Hpg, p, respectively, while the
diagonal matrices Xgp, € CNeXNs Bp p € CNrXNr
and S5, p € CN2*Nr contain Np=min{Ng, Ng} SVs of
HSRl» NR SVs of HRkRkj»\l’ and Nc:min{ND, NR} SVs
{&Kd’l, _ ,GTKd,NC} of H g, p at their diagonal positions,
respectively.

Theorem 4: For the max-min EE problem (33), the optimal
source covariance matrix V'g, the optimal relay beamforming
matrices W;?,w 1 < k < K, and the worst-case errors

R DD ER, p have the following structures

Vfg = QSR1 ESQI;R1 )

H
QRIRQEWRl USRla k=1,
R = AQrr  EWa Uy py 2<k<K—1,(43)

H
QripXwWr, Ugy g k=K,

(42)

*
Ry D

One x(Nr—Ne)
O(Np—Ne)X(Nr—Ne)

ARryD

_ 5
R O(Np-Ne)xNe

~H «
XQpup or Exr,p=—€nlnp, (44)



4334

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 18, NO. 9, SEPTEMBER 2019

Hggr s+ ng,, k=1,
YRy = k1 k—1 (30)
(Hz 1Hr g, \ Wk, )HSRls—i—Zm AL, Hriron WRnRANE,, k=2, K,
K—1
Yp = HRKDyRK +nRD - HRKDWRK Hi:l HRiRi+1WRi HSRIS
K—1 K—1
+HRKDWRK Zm:l Hi:m HRiRi+1 WRinRi + HRKDWRKnRK +NRp, (€29)
Tr (VVR1 (H531VSHI;R1+U§INR>W%1) , k=1,
k—1 u [kl H
PRk =< Tr ( (1:[1 HR R7+1WR7‘,) HSR1VSHSR1 (1:[1 HR¢R7‘,+1WR7:> (37)

k—1
+o2 Y <

m=1

1
Il Hr.ro,Wr, ><

i=m i=m

k—1
H HRiRH»lWRi) +J7%INR>WII%;€)7 2<k<K,

where  Ag,p = diag {min {&Kd,l,ea},-~ ,min
{Grid,Ne €a}}s
Swa, = Zx,(Ing + 0, °Ssr, BsB4g,) 7, (45)
k-1 =
Xwy, = EXk(INR+Z Ek +o, ([ Ziir) Zsr, Zs
m=1 =1
=Hn, HEHH ) 2<k<k, @
with Xx, = diag{ox,ﬁl,--- 0z . Ne» 0,0, ,0} for 1 <
Nr—N¢
' —m k=1 _ k=1 _ - _
1 < K, ¥, = (H 2177;4_1)(_1_[ 27;7“_1) and X1 =

YRR 2W g, -
Proof: See Appendix D. [

Similarly to the two-hop case, based on Theorem 4 and
Lemma 1, we can equivalently transform the robust EE
problem (33) into the follow optimization problem with scalar
variables R _
where ERKD = (ERKD _ARKD)EWRK and ERKD =
(1 —em)EA] RxDEW g, are defined for the additive and mul-
tiplicative CSI errors, respectively, and 7, is the auxiliary
variable. For convenience, denote 35 = X x,,. Observe that
the problem (47) is convex w.r.t Xy, when the remaining
variables {Xx,,Ex,, -, Xx, }\Zx, are fixed. Therefore,
we can apply the alternating optimization of Section III-B
to efficiently solve the problem (47) by decomposing it into
(K + 1) alternating subproblems, in order to obtain a locally
optimal solution.

B. Extension to Imperfect Hsr, and Hp, R, ,,k

We now consider the most generic case, where the
source-relay channel Hgp, and all the relay-relay channels
Hg, r,.,, Vk, are also imperfect at relay Ry. Similarly
to the two-hop case, by adopting the statistically imperfect

Hgpg, and Hg,R,,,, Vk, and the deterministically imperfect
H R, p, the robust average EE optimization for this generic
multihop AF relaying network can be formed. Following the
same philosophy in proving Theorem 3, a similar conclusion
can also be obtained for the multihop scenario by proving
the optimal channel-diagonalizing structure one by one for
the optimal source covariance matrix V' and the optimal
relay beamforming matrices Wi, , 1 < k < K. Specifically,
the eigenspaces of V5 and WR , 1<k <K —1, are aligned
with that of the source spatial correlation matrix and that of
the relay Ry spatial correlation matrix, respectively, while
W, is jointly determined by the eigenspace of the relay
Ry spatial correlation matrix and the right singular matrix
of the relay-destination channel H g, p. The corresponding
robust average EE problem can also be transformed into a
robust optimization with scalar variables. However, due to the
simultaneous expectations for multiple statistically imperfect
channels, this scalar-variable problem is generally intractable
and cannot be decomposed into a series of convex subprob-
lems [13]. A possible solution is to apply successive Jensen’s
inequalities to the expectations on { Hgsr,, Hg,R,,,,Vk} to
find an upper-bound of the average EE [13], which can then
be solved by the proposed alternating optimization.

Remark 2: The last relay Ryx needs to feed back the
optimal source covariance matrix Vs and optimal relay
beamforming matrices W}{k, 1 <k < K — 1, perfectly to
the source and corresponding relays. If the feedback errors
for {V§,Wpx ,1 <k < K — 1} are serious, they should
be additionally imposed on the robust EE design, and the
optimal beamforming matrix W of relay K should also
be redesigned accordingly. Unfortunately, even if the spectral
norm constrained errors for {V'g, ;%w 1<k<K-1}
are jointly considered, the channel-diagonalizing structured
optimal W is not guaranteed, since the multiple relay
beamforming errors are coupled in both the objective and the
transmit power constraints. Future research is warranted to
develop the low-complexity suboptimal algorithms to effec-
tively address this issue.
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Fig. 2. Convergence of Algorithm 1: (a) inner Dinkelbach loop of step 2 at the first outer iteration, (b) outer alternating optimization loop, given two sets of
different initial points and for both additive and multiplicative CSI errors, and (c) inner Dinkelbach loop of step 2 at the first outer iteration with error bars,

for one set of initial points and additive CSI errors. Ng/Nr/Np=4/6/4.

V. SIMULATION STUDY

In the simulation, the source is a base station (BS), while the
destination and relays are mobile stations (MSs). The default
parameters of the simulated MIMO AF relaying network
are listed in Table II. Unless otherwise stated, these default
values are used. To demonstrate the excellent performance
of our robust EE design, we adopt the non-robust EE max-
imization (NREE) and the naive AF based EE maximization
(NAF) [17] for comparison. For the NREE scheme, the opti-
mization problem (8)/(32) is firstly solved by assuming no CSI
errors, i.e., €, = €, = 0. Then the resultant optimal solution
is applied to the imperfect CSI scenario for calculating the
worst-case EE. For the NAF scheme [17], the relay scales
the received signal transmitted by source with the maximum
power by a constant to realize the maximum relay power
transfer. All simulation results are obtained by averaging over
100 channel realizations.

A. Two-Hop MIMO AF Relaying Networks

The convergence of the proposed alternative optimization

algorithm is investigated under the two sets of the initial values
. 0 0 P
{)\go),n(o)}, given by {Ai,i)nil’ni )} :T{ —?\I;:X 1,0} and
0 0 Ps e .

{Ag,i)ni%ng )} = {Zg2 [1N./2 ONy 2] 0.1} Algorithm 1
consists of an outer alternating optimization loop, and within
each alternating iteration, there are two inner Dinkelbach itera-
tive loops at Step 2 and step 3. To demonstrate the convergence
of the two inner Dinkelbach iterative loops, Fig. 2(a) plots
the objective value of the problem (20) after each Dinkelbach

2 In our simulations, the large-scale fading coefficient 0,21 is determined
according to the LTE path-loss model fai + 30 = Lp(@dB)= 128.1 +
37.6log(d [Km] ) with d = 330m [33].

iteration for optimizing o, given A at the first outer iteration.
Observe from Fig. 2 (a) that this very first Dinkelbach iterative
procedure of Algorithm 1 takes no more than 6 iterations to
converge. Since any subsequent Dinkelbach iterative procedure
is unlikely to take more iterations to converge, we conclude
that for this example, any Dinkelbach iterative procedure of
Algorithm 1 takes no more than 6 iterations to converge. The
convergence of Algorithm 1 is illustrated in Fig. 2 (b), where
it is seen that for this example, Algorithm 1 takes no more
than 7 outer iterations to converge. Fig. 2 (c) depicts the curve
of Fig. 2 (a) corresponding to the additive CSI errors with the
initial condition {Ag?i)nil, nio)} but with the logarithmic scale
in y-axis and with the error bars. It can be seen that after
6 iterations, the objective value becomes smaller than 1073,
The influence of antenna configuration to the worst-case
EE performance is investigated in Fig. 3, which plots the
worst-case EE performance of the proposed robust EE design
as the functions of the source maximum transmit power
Ps, .. under different antenna configurations Ng/Ng/Np.
We observe that the antenna configuration 4/4/6 attains the
highest worst-case EE, and the antenna configuration 4/6/4
attains the second highest worst-case EE, which is consider-
ably larger than the 4/4/4 configuration. While the 6/4/4
configuration achieves the lowest worst-case EE. We now
explain these phenomena based on the following facts. First,
the circuit power consumption at receiver is neglected in
our work, since reception generally consumes much less
circuit power than transmission [23]. Second, the existing
literature [7], [34] have shown that increasing the number of
source antennas Ng without optimizing the source covariance
matrix generally causes the capacity shrinking phenomenon
for MIMO AF relaying systems. Even considering the design

K-1

max

=iV, log det IND + <ERKD (

K—1

x(az 3

m=1

s.t. Tr(zs) < Pg

i=1

TI'(EXk) < Pkaax )

max )

K—1 H
_ ~ ~H
H 2i,i+1>ESR1 ESEERI< H Ei,i+1> ERKD>
i=1

K

~ =m ~H 2 -1
SrpEErip o IN, T szsy+§:szxg+J% ,

k=1

1<k<K, 47)
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TABLE 11
DEFAULT SYSTEM PARAMETERS

Parameter Value Parameter Value

The number of BS/Relay/MS antennas | 4/6/4 (4/4/4; Relay dynamic power consumption Py, 35dBm [32]

Ns/Ngr/Np 6/4/4; 4/4/6)

Transmission bandwidth B 50MHz Relay static power consumption Ps¢ 30dBm [32]

Power amplifier efficiency s, 7 0.5 Additive errors threshold (two-hop) e, ea=p||Hgrp|l2, p=0.4

BS maximum transmit power Pg 46dBm [33] Additive errors threshold (multihop) €, ea=p|lHRr, pll2, p=04

Relay maximum transmit power Pr 40dBm [33] Multiplicative errors threshold €, em =p =04

BS dynamic power consumption Py, s 40dBm [32] Rayleigh MIMO relaying channels with | CN(O, JZI ), 02 =
large-scale fading coefficient O'}QL. 2 —80dBm [33]

BS static power consumption Py s 35dBm [32] Noise power 02 = 05 = NoB —90dBm  (Ng

—167dBm/Hz) [32]
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Fig. 3. Comparison of the worst-case EE performance as the functions
of the source maximum transmit power Pg . - given different antenna
configurations Ng/Ngr/Np.

of source covariance matrix, the capacity gain is close to
zero as Ng increases [7], [34]. By contrast, adding more
relay and/or destination antennas is helpful to improve system
capacity, of which the enhancement is more evident when
increasing the number of relay antennas [34].

These known conclusions explain why the best worst-case
EE performance for both multiplicative and additive CSI errors
is observed at Ng/Nr/Np = 4/4/6, which is because the
achievable data rate increases with the number of destination
antennas Np, while the transmit power consumption remains
unchanged. These conclusions also agree with our observation
that the achievable worst-case EE under Ng/Np/Np=4/6/4
is significantly higher than that under Ng/Ngr/Np=4/4/4,
because when the number of relay antennas Np increases,
the remarkable increase of data rate outweighs the increase in
dynamic relay circuit power consumption. However, for the
case of Ng/Nr/Np =6/4/4, the achievable worst-case EE
is much reduced, since the increased source dynamic circuit
power consumption outweighs the slight data rate gain due
to the increasing number of source antennas Ng. Our results
therefore support the existing literature and provide insights
to design MIMO AF relaying systems, namely, increasing the
number of relay and/or destination antennas rather than the
number of source antennas is beneficial to improve system’s
worst-case EE performance.
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Fig. 4. Comparison of the worst-case EE performance as the functions of:
(a) the source maximum transmit power Pg_ ., and (b) the relay maximum
transmit power Pr ., for three designs. Ng/Nr/Np=4/6/4.

Fig. 4(a) compares the worst-case EE performance as the
functions of Ps,  for the proposed robust EE design, NREE
and NAF schemes, while Fig. 4(b) shows the worst-case
EE performance as the functions of Pp . for the three
designs. As expected, the proposed robust EE design achieves
the highest worst-case EE, while the NAF scheme has the
worst-case EE. For our robust EE design and NREE scheme,
the worst-case EE first increases with Ps . (Pr,..) but
becomes saturated for large Pg Pr,...). This is because
when Ps_ .. (Pg,..) is small compared to the circuit power
consumption Pg, the EE metric is mainly determined by the
maximum achievable rate in the numerator of the EE metric.
Increasing Ps,, . (Pr,,..) increases the source (relay) transmit
power too, which in turn increases the maximum achievable
rate. Therefore, for relatively small Ps,_, (Pr,,.), increasing
Ps_... (Pr,..) increases the worst-case EE. In this region,
the power constraint is active, i.e., the source (relay) trans-
mit power reaches Pg (PR,,...)- By contrast, when Pg_
(PR,,...) becomes large, the EE metric is also determined
by the source (relay) transmit power in the denominator of
the EE metric. Therefore, to maximize the worst-case EE, a
trade-off between the maximum achievable rate and the total
transmit power must be made. As a result, the maximum
worst-case EE metric reaches a saturated value. In this region,
the power constraint is inactive and the source (relay) transmit
power remains constant. For the NAF, the worst-case EE
decreases with Pg (Pg,,..) for large Pg (Pgr. ). This

max

max (

max

max

max

max

max max max
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Fig. 5. Influence of CSI uncertainty p on the achievable worst-case EE for
three designs. Ng/Nr/Np=4/6/4.

is because the maximum achievable rate of the NAF strategy
cannot be arbitrarily enhanced by increasing Pg, .. (Pr,..)
since the relay simultaneously amplifies the received signal
and noise. Therefore, for large Ps ..  (Pr,..). the NAF’s
worst-case EE decreases with Pg_ . (Pg,, .. ) due to the limited
maximum achievable rate and the increase in the total power
consumption.

The two thresholds are fairly set for the multiplicative and
additive CSI errors in Table II, as they correspond to the same
quantitative measure for the spectral norm constrained mul-
tiplicative and additive CSI errors. According to Theorem 1,
we can infer that the SVs of the worst-case relay-destination
channel for multiplicative CSI errors are larger or equal to
those for additive CSI errors. Therefore, we can conclude that
under the same size of the spectral norm constrained CSI
errors, the quality of the relay-destination channel under mul-
tiplicative CSI errors is better than that under additive errors.
Naturally, the achievable worst-case EE under multiplicative
CSI errors is also higher than that under additive CSI errors.
This is also confirmed by Fig. 4.

Fig. 5 investigates the impact of the CSI uncertainty thresh-
old p on the achievable worst-case EE. Not surprisingly, as p
increases, the worst-case EE performance decreases for every
scheme. Again our robust design achieves the best worst-case
EE, while the NAF has the worst performance. Moreover, the
performance gap between our robust EE design and the NREE
increases with p, which further indicates the effectiveness of
our design. Fig. 6 shows the worst-case EE performance as
the functions of the circuit power consumption Pc for three
schemes. As expected, our robust design attains the highest
worst-case EE. Observe that the worst-case EE decreases as
P, increases, since Pc only appears in the denominator of
the EE metric. Next we consider the statistically imperfect
source-relay channel Hggr. The source and relay spatial
correlation matrices Rp and Rg are simulated using the expo-
nential model [35]. Specifically, fori,j=1,--- , Ng (Ng) and
j>1i, the (i,7)-th elements of Rr and Rg are given respec-
tively by [RRLJ:pZ*i and [Rs]i7j:pg*i, where |p,| <1
and [ps| < 1 [35]. Without loss of generality, only additive
CSI error is considered for the relay-destination channel. Fig. 7
depicts the worst-case EE performance versus Pg__ for the

max

max
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Fig. 7. Influence of the source maximum transmit power Ps, . on the
achievable worst-case EE for two designs. The statistically imperfect source-
relay channel and additive CSI errors for the relay-destination channel are
considered. Ng/Ngr/Np=4/6/4.

upper-bound robust average EE design of Section III-E and
the NREE scheme. Observe from Fig. 7 that the relationship
between the worst-case EE and Pg_, _ for the two designs is
similar to that shown in Fig. 4 (a). Compared with the case of
ps =pr=0.3, the stronger correlation of p, =p, =0.5 leads to
higher achievable worst-case EE, because higher correlation
means higher source-relay channel energy, which is beneficial
to improve the ergodic rate. For the two designs considered,
Fig. 8 shows that the achievable worst-case EE decreases with
the BS dynamic power consumption Py, ,, which is a portion
of the total circuit power consumption Pc. The reason is
similar to that given for Fig. 6.

B. Three-Hop (K = 2) MIMO AF Relaying Networks

A three-hop MIMO AF relaying network is simulated, and
we only consider additive CSI errors for the relay-destination
channel. Fig. 9(a) compares the worst-case EE performance
versus the relays’ maximum transmit power Pg . for
the three designs. Compared with Fig. 4(b), similar trends
between the worst-case EE and Pp_,_ for the three schemes

can also be observed from Fig. 9(a). Clearly, the achievable
worst-case EE in the three-hop case is lower than that in the
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p, for three designs. The three-hop MIMO AF relaying network under additive
CSI uncertainty is considered. Ng=4, Ng, =Npg, =6 and Np = 4.

two-hop case due to the greater channel fading and higher
power consumption. Fig. 9(b) depicts the influence of p on
the worst-case EE for the three designs. Both Fig. 9(a) and
Fig. 9(b) confirm that the proposed robust EE design attains
the best worst-case EE performance.

VI. CONCLUSIONS

We have optimized the EE of two-hop MIMO AF relaying
networks under the deterministically imperfect CSI. By con-
sidering the additive and multiplicative CSI errors for the
relay-destination channel, the source covariance and relay
beamforming matrices are jointly optimized to maximize the
worst-case EE. We have proved the existence of a saddle
point for this robust EE problem, and have derived the
channel-diagonalizing structure of the optimal source covari-
ance and relay beamforming matrices as well as the worst-case
errors under the spectral-norm constrained additive and multi-
plicative CSI errors. Based on this structure, the original robust
EE problem is transformed into an optimization problem
with scalar variables, which can be efficiently solved by the
proposed alternating optimization. We have also proved that
all these results are applicable when the statistically imperfect
source-relay channel is additionally imposed. Furthermore,
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we have extended our work to multihop MIMO AF relaying
networks, and have proved that the channel-diagonalizing
structure remains optimal for the source covariance matrix and
all the relays’ beamforming matrices under deterministically
imperfect relay-destination CSI.

APPENDIX
A. Proof of Theorem 1

Proof: Unless otherwise stated, the eigenvalues (EVs)/SVs
of an EVD/SVD for a matrix are always arranged in a
decreasing order. First we have the following lemma [36].c
Lemma 2: For the two N x N Hermitian matrices A and
B whose EVs are denoted by \;(A) and \;(B), respectively,
fori=1,--- N, we have

N

1L,

<II.,

N
Anvgis(B) < Tr(AB) gzizlAi(A

+ /\N+1 z(B))
(48)

)Ai(B).
(49)

S

All the equalities in (48) and (49) hold only when A and B
are simultaneously diagonalizable.

1) Optimal W7};: Re-express the rate formulation (9) as

According to the identity det(I y+AB)=det(Ix+BA),
where A € CV*K and B € CK*N_ the achievable EE
metric EE(VS,WR,ARDQERD) can be reformulated as
(50), shown at the top of the next page.

Next perform the EVDs of the nonnegative definite matrices
HspVsHY, and HY  Hprp:

-~  ~ ~H
HspVsHSp = UspEsrUsgp, (52)
~ ~ ~H
H}pHrp = QrpErpQpp, (53)
where Sgp= dlag{asrl, e ,5§T7NP,O, ,0} and X pp=

dlag{ord L0y N 0,---,0} contain the Np nonzero
EVs of HSRVSHSR and the N¢  nonzero EVs of
HRDHRD, respectively, while USR e CNrxNr gpd QED S
CNr*NR gre the associated unitary matrices. Note that Qpp
and & rp are unknown, while g depends on the matrix
variable V's whose optimal structure is yet to be determined.
Clearly, X5r = 0 and Xzp = 0. By defining X € CNrxNr
as

~H ~ ~ 1
X =QprpWrUsr(In, +0,22sR)?, (54)
we can express the relay beamforming matrix W g as
~ ~ (_1~H

Then X is the new optimization matrix variable. Sub-
stituting (52), (53) and (55) into (51) (at the top of the
next page) yields (56) (also at the top of the next page).
Denote X% rDX = UTETUT, where the unitary matrix
UreCNrXNr and the NRXNR diagonal matrix ET con-
tains N¢ nonzero EVs of xH ERDX For any xH ERDX
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® — - (50)
det(INR + O',%O'd W H DHRDWR)
EE(Vs,Wg,Arp@ERrp) = 3 logdet (Iv,+070, *HrpW r(Iny+0, *HsrV sHgr) Wi Hpp)
’ ’ Tr(Vs) —I—TI‘(WR(HSRVSHI;R+O',24INR)WI§) + Po
Blogdet (In, + 020, °WrH g HrpW ) D)
Tr(Vs) + Tr(Wr(HsrV sHSp + 02In, )W) + Pc
EE(V X A SE ) - 1ogdet (INR + U%U;QXHERDX)
B S TRPEEER) T T (Ve) + Tr(02 X XT) + Po
log det (INR +J;22~353) log det (INR +O';2§)SR+O',%O'(1_2XH§RDX) 56)

Tr(Vs) + Tr(02X X)) + Po

Tr(Vs) + Tr(o2X X") + P

by 1ntr0duc1ng X = XU, we have X ERDX 7,
i.e., X ERDX is diagonal, Tr(XXH)—Tr(XX ) and

det (In, +020;° X" 5p X)
—~H ~ —
=det (In, +020;,°X ZppX). (57)

Furthermore, according to the left-hand part of the identity
(48), we have
det (I'ny, + U{QESR + UfUJQXHflRDX)
> det (In, + J;QESR + JEJJQET)
= det (Iny, + 0, 2Ssr + UEUJQXHERDX). (58)

The inequality in (58) becomes equality when X HY rp X is
diagonal. By substituting (57) and (58) into (56), we have

2
EEE(‘/S7 X ARDQERD)

1ogdet (INR + 02 plog 2x ERDX)
Tr(Vs) + TI‘(O'QXX ) + Po
logdet(In, + o, ESR)
— _H
TI‘(Vs) —|—TI‘(O’%XX ) + Po

_ logdet (INR+0;2§~)SR+030;2,)?H§RD}?)
Te(Vs) + Tr(02X X ) + Pe

2 —
= EEE(Vs,X,ARDQERD). (59)

Since the inequality in (59) becomes equality for the diag-
onal X' R DX , to maximize the EE metric, the optimal X
must satisfy X7 ERDX 3. By introducing the N¢o X N¢
diagonal matrix Xpp = dlag{ard SPREEIN fd Nc}’ which is
positive definite since the first Nc dlagonal elements of
Y rp are positive, and denoting X H _ [X 0 x H] with
X, € CNexNr and X, € CWVr=Ne)XNr e re- express
X"SrpX=%r as

H vH | 2rp O|[X:i] [Z7 O

xxy [P ol % =1 )

= S 0
:>X11{ERDX1—[O 0], (60)

where X7 € CNoexNe s a positive semidefinite diagonal
sub-matrix of ~ 37. (60) indicates that X5 has no effect on
realizing xHs rpX=27. Similarly to [6], we can infer from
(60) that
T 1 1 T
x = [x7.x7] - [(ERBQE%)T,XQT G
1

where Q € CNexNe g an arbitrary unitary matrix and 32 =
[$2 0] € CNoxNr,

To further determine the optimal X o, we consider the relay
power constraint

Tr(of X" X) = Tr(o2 X1 X 1) + Tr(02 X2 X5

> Tr(o2 X1 X7), (62)

and the last inequality becomes the equality when X, =
O(NR—NC)XNR' That is, Xy = O(NR—NC)XNR is the best
choice in terms of minimizing relay power consumption.
Furthermore,

Tt xY) = T (275,108 (B Q" (54)"
= Tr(0?Z 2 p QEr Q") > Tr(0?S 5 1),
(63)

where the last inequality is due to the left-hand part of the
identity (49) and the equality holds when Q = I . according
to Lemma 2. Thus the optimal structure of X satisfies

11
SrpEr
O(Npr—No)xNg
= EX = diag{a%h s

X*

7Ux,Nc7Oa"' 70} (64)

Using this optimal X * in (55), we obtain the optimal structure
of the relay beamforming matrix

* N —2% -3
2= QrpEx(In, +0,°Zsr) *Ugg, (65
with

EE(Vs, X, Arp@Erp)<EE(Vs,Ex, Arp@Erp). (66)
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2) Optimal V§: Denote the EVD of Vg by Vg =
UsXEsUY, where Us € CNs*Ns s the unitary matrix
and Xg = diag{)\&l,~-~ ,)\S,NS} has the Ng nonnegative
diagonal elements. Using the SVD of Hggr given in (11),
(52) can be rewritten as

HspVsHgp = UspEsrQSpUsTsUSQsrSerUsy
~ ~ ~H
=UsrX¥srU gp. (67)
Furthermore, the EE metric in the problem (10) can be
re-expressed as
2
E'EE(‘/S; Wr,Arp9ERD)
SHoH soHppH -1 >

Tr(V )+ Te (W (HsnV s Hipto? I, )W)+ P
(68)
where ‘73 = USEé and B =

U(%IND .
Substituting the optimal W, of (65) into (68) yields

2
B -EE(Vs,Xx, ArpDERrD)

~H ~ o~ ~H ~
log det (INS LV HERUSRERDXUSRHSRVS)

B Tr(Es) + Tr (02ExZy) + Pe ’
(69)

with

= —1
Srox =2hpx (05N, +0iErpxZhpx) Zrpx, (70)

where ENRDX:E;LDEX (INR—I-U,TQEJSR)*E. Since rank (X x)
:rank(E RD) = N¢, the diagonal matrix X rpx also has the
rank of N¢. According to (67), we can re-express (69) as

2

B -EE(Vs,Xx,ArpDERrD)

—H — —H — ~
logdet (I, +UsBsnQsnZsQsnZinUsnEnox )
Tr(ES) + Tr (ngxzx) + Po

log det (INR + ESstzgRiRDx)

Tr(ES) + Tr (ngxzx) + Po

2
= E -EE (25, Ex, ARDQERD) ’

(71)

where U z=US,U gr and Qg = QL zU s are unitary matri-
ces. According to the right-hand part of identity (48), it can
be inferred that det (I y+AB) < vazl (I1+X(A)X;(B)) and
the inequality in (71) becomes equality when U sg=I n,, and
65 r=1InNg. The diagonal matrix ¥ rpx (70) is satisfied at
the maximum EE point. As a result, the optimal structures of
USR and US are USR USR and US QSR ACCOI‘dlrlgly,
the optimal structure of Vg is given by

Vi = QspEsQ5r.

Combining (67) with (72) lea%s to HSRVSHSR—USRESR
EszsRUSR = USRESRUSR and due to USR = Ugng,

(72)
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we also have f]s R:ESRESEEIR. Thus the optimal structure
of the relay beamforming matrix in (65) can be re-expressed
as

_1
k= QrpEx (INR-FJT_QESRESEEIR) ‘Ul (13)

3) Worst-Case Ay @ET,p: First, we introduce the follow-
ing lemma [15], [37].

Lemma 3: For A € CN«xNi. B . C € CN*Nm yith
rank(A) = rank(B) = rank(C) = N = min{N,, N;, N;,, },
whose SVs are o0;(A), o;(B) and 0;(C), i = 1,--- N,
respectively, we have

on(A)oi(B) < 0;(AB), (74)
(0i(B) —01(C))" < 04(B +C). (75)

(74) and (75) become equalities only if {A, B} and {B,C}
are simultaneously diagonalizable.

Based on the definitions of the diagonal matrices Xg,
Yx and ¥ ppx as well as the rectangular diagonal matrix
Ysr, at Vg and W7, the achievable EE metric in (71)
can be expressed as (76) at the top of the next page, where
N7, = min {N p,NC}. It is readily observed from the first
term of the numerator in (76) that the minimum value of
EE(Xs,Xx, Arp@ERp) is attained only when every 77, ;
realizes its minimum subject to the spectral norm constraint.
Note that 52 rd.iv 1 <7< Ng¢, are unknown since they are related
to the unknown CSI H RD- However for the known nomlnal
CSI HRD, we have the SVD HRD = URDERDQ\RD,
in which the Np x Npg diagonal rectangular matrix Xgrp
contains N¢ positive elements {5”1 1,0 Nc}

3.1) Additive CSI errors: HRDHRD = (HRD+ARD)

'(HRD + ARD) :QRDERDQRD. Applying Lemma 3 and
considering ||ARD||2:01 (ARD) <é€q4, We conclude

<
<

ordi > (Orai — Ea)+7 1<i< Nc. 77

_All the Ainequalities in (77) become the equalities when
Qrp = Qrp according to Lemma 3, and the minimum
EE (25, 2X7ARD) is attained with 5,«(171 = (ard,i — Ga)+,
1 <i < Ne. Consequently, the resultant worst-case CSI error
is given by

« _ F A 0 Al
AL p=—Ugp 0 RD 0 Nex(Ng—N¢) Qrp
(Np—N¢c)xNe (Np—=N¢)x(Nr—Nc¢)
N ~H
=—URrpArpQrp: (78)

where Agrp = diag {mm {ard,l, ea}, _
and we also have

EE(Es, Xx, ARD) > EE(Es, Xx, A’}(%D)

) min {a—\rd,ch €a }}9

(79)

Observe that URD, Agrp and QRD in (78) are all known.
3.2) Multiplicative CSI errors: HRDHRD HRD(IND
Erp) (IND +ERD)HRD = QRDERDQRD- Similarly to
the case of additive CSI errors, based on Lemma 3 and
|Erpl2=01(ErD) < €m, the minimum values of 7,4,, Vi,
required for minimizing EE (Xg, X x, Erp) are obtained as

(1 - em,)+ard,ia
1 <¢< Ng¢.

Ordi = oNp (INy + ERp)Grai >
(80)
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2

Ny,
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i=1

2,252 =2
050,705 i00a.

5 -EE (¥s,Xx,ArpDErD)

LR

Nc 9 2
sd T Zi:l 0705,

-2 2

Ty Usr,a‘,)\s,i

N
> i1 log (1 T 1o Zo?

2, 1Og (1 + 0-7"_20.31"71'

+ Po
2 52

N
Neitolo, 02, d) + 2 i As,i)

sryi

(76)

No o2 2 ’
im1 0705, + Po
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The two inequalities in (80) simultaneously become the
equalities when Qrp =Qrp according to Lemma 3. There-
fore, the resulting worst-case ET, is given by EpLp
—eémInN,, which only depends on the known €,,, and we
naturally have

EE (Xs,Xx,Egp) > EE(Xs5,Xx,ERp) - (81)

Because 62 RD :@ rp holds for both additive and multiplica-
tive CSI errors, (73) becomes

~ _1
W5=QrpEx(In, +0,2ZsrEsZ0g) 2Ugp. (82)
Observe that @RD, Ysr and U gpg are all known, while X g

and X x are the new optimization variables. This completes
the proof. U

B. Proof of Theorem 2

Proof: From (66) and (71) in Appendix A,
it is easily seen that EE(V§ W73 ALp@ELp) >
EE(Vs,Wg,Azp@EyRp) holds for any feasible
Vs and Wpg. Similarly, from (79) and (81) in
Appendix A, it is seen that EE(V§, W, A p@ERp) <
EE(Vy, W5, Arp@ERp) holds for any feasible

Arp@ERrp. Thus the optimal {Vy, Wi, ALpPERp}
is a saddle point of the original robust EE optimization
problem (8). This completes the proof. (]

C. Proof of Theorem 3

Proof: According to [11], for the statistically imperfect
source-relay channel H gp, the channel-diagonalizing struc-
ture is optimal for the source covariance matrix Vg and
the relay beamforming W, for any relay-destination channel
H rp. That is, the eigenvectors of the optimal V' are aligned
with that of the source correlation matrix Rg, while the left
and right singular matrices of the optimal W, are aligned
with the right singular matrix of the relay-destination channel
H rp and the eigenvectors of the relay correlation matrix Rp,
respectively [11]. Based on the optimal V' and W7, with the
channel-diagonalizing structure (29), we naturally obtain the
same worst-case error A%, @ E7, as that given in Theorem 1
by utilizing Lemma 3 of Appendix A. Moreover, we can also
conclude that the solutions provided in Theorem 3 are the
saddle point of EE(V g, W, Arp@ERrp) by referring to
the proof of Theorem 2. (]

D. Proof of Theorem 4

Proof: Construct the min-max EE counterpart problem
to the problem (33). First by fixing the relay beamforming

matrices of relays k € {2,---, K} and referring to the proof
of Theorem 1, we obtain the optimal beamforming matrix
of relay ¥/ = 1 and the optimal source covariance matrix,

both having channel-diagonalizing structure, as well as obtain
the same worst-case CSI error as given in Theorem 1. In a
similar manner, the remaining optimal beamforming matrices
of relays &/, 2 < k/ < K, with channel-diagonalizing structure
can be obtained one by one by fixing the relay beamforming
matrices of relays k€ {1,2,---, K} \ k' and given the optimal
source covariance matrix. This proves that the solution of
(42) to (44) form the optimal solution of this min-max EE
counterpart problem. Then referring to the proof of Theorem 2,
we conclude that the solution of (42) to (44) is a saddle point

of EEM(VS,WR;ARKDgERKD)' -
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