
A Forward Regression Algorithm based on M-estimators

XIA HONG
�
, SHENG CHEN

�
Department of Cybernetics

University of Reading
Reading, RG6 6AY, UK

�
School of Electronics and Computer Science

University of Southampton
Southampton, SO17 1BJ, UK

�
�������
	��������������	��������������

� �"!$#&%('�)*#,+.-0/�13254�6
487:9;13<�=(9?>�@�A�B$7*2;6C<D>C9?=?/�>CEC>�<�6CFHGI>C9?JK6
9L@D9?7:EC9?7*2?2?1M>�<ON,PRQTSRU5VW>�@�7*FX2(=(9LA�B$=?A�9?7Y2(7*FM7*B$=?1M>�<6CFMEC>C9L1M=?/�VDZ�6C2(7*@[>�<H=?/�7W\X],7*2(=?13V^6
=(>C9L2:_`-0/�7aZ�6C2?13Bb13@�7*6c>CGd=?/�7a4�9?>C48>�2(7*@[6
4�4�9?>�6CBL/e132f=(>g13<�B$>C9?48>C9L6
=(7h6C<[i�SfjTk13<�<�7:9RFM>�>C4l13<�=(>m=?/�7WVW>�@�1on�7*@epq9L6CVh]�k�BL/�V^13@�=q4�9?>�B$7*@�A�9?7C_ i�<[=?/�132qV^6C<�<�7:9R=?/�7rPRQTSs6CFMEC>C9L1M=?/�Vt132q7$u�=(7*<�@�7*@e=(>Z�6C@e@�6
=?6gB$>�<�@�1M=?1M>�<�2fJf1M=?/e13VW4�9?>�vC7*@e487:9?GI>C9LV^6C<�B$7h@�A�7a=(>X\X],7*2(=?13V^6
=(>C9L2:wx13<�/�7:9?7*<�=q9?>CZ�A�2(=?<�7*2?2q=(>g>�A�=?F31M7:9L2:_ yq<13F3F3A�2(=(9L6
=?1MvC7q7$u�6CVW4�FM7 132013<�B:F3A�@�7*@c=(>c@�7*VW>�<�2(=(9L6
=(7 =?/�7 7$z87*B$=?1MvC7*<�7*2?20>CGT=?/�7 4�9?>C48>�2(7*@g6CFMEC>C9L1M=?/�Vg_
{W|$}
~
�H� %(��!:+�k���2(=(7*V�13@�7*<�=?1on�B:6
=?1M>�<���\X],7*2(=?13V^6
=?1M>�<���GI>C9?JK6
9L@g9?7:EC9?7*2?2?1M>�<���4�6
9L6CVW7:=(7:9f7*2(=?13V^6
=?1M>�<���9?>CZ�A�2(=?<�7*2?2
1 Introduction

-0/�7a>C9?=?/�>CEC>�<�6CF�GI>C9?JK6
9L@[9?7:EC9?7*2?2?1M>�<5N,PRQTSRUq132R6C<e7$�^]B:1M7*<�=h6CFMEC>C9L1M=?/�VO=(>l@�7:=(7:9LV^13<�7r6[4�6
9L2?13VW>�<�1M>�A�2 VW>�@�7*F2(=(9LA�B$=?A�9?7l�o�"�,_��q9L1MvC7*<�Z���9?7*��A�1M9?7*VW7*<�=?2bGI>C9W13VW4�9?>�vC7*@VW>�@�7*F`EC7*<�7:9L6CF31M�*6
=?1M>�<�� 6�GI7:J�v
6
9L136C<�=?2X>CGcPRQTSO/�6*vC7Z87:7*<�13<�=(9?>�@�A�B$7*@�13<�>C9L@�7:9[=(>�=?6CB?��FM7�13F3Fo]�B$>�<�@�1M=?1M>�<�13<�E4�9?>CZ�FM7*V.Z���VW>�@�1MGI��13<�E�=?/�7�2(7*FM7*B$=?1MvC7�B$9L1M=(7:9L136�13<�GI>C9(]JK6
9L@�9?7:EC9?7*2?2?1M>�<�� ���M]"� ���,_HyqFM=?/�>�A�E�/�=?/�7*2(7mVW7:=?/�>�@�2b@�><�>C=cEC7*<�7:9L6CF3FM��<�7:7*@;=?/�7[6C2?2?A�VW4�=?1M>�<5>CG 6�<�>C9LV^6CF07:9(]9?>C9X@�132(=(9L1MZ�A�=?1M>�<��0=?/�7l4�6
9L6CVW7:=(7:9H7*2(=?13V^6
=(>C9HV^6*��<�>C=Z87^2(=?6
=?132(=?13B:6CF3FM�[>C4�=?13V^6CF�1MG�=?/�7c@�6
=?6g7$u�/�1MZ�1M=RZ�6C@�B$>�<�]@�1M=?1M>�<�2[2?A�BL/�6C2e>�A�=?F31M7:9L2:�a>C9�6
9?7�/�7*6*v���=?6C13FM7*@�B$>�Vh]4�6
9?7*@�=(>;<�>C9LV^6CF`@�132(=(9L1MZ�A�=?1M>�<�_ yq2H6�EC7*<�7:9L6CF31M�*6
=?1M>�<>CGRV^6�u�13VaA�Vh]�F31M�C7*F313/�>�>�@�7*2(=?13V^6
=?1M>�<5VW7:=?/�>�@�GI>C9c@�6
=?6Jf1M=?/h>�A�=?F31M7:9L2:��=?/�70EC7*<�7:9L6CF�VW7:=?/�>�@W>CG�\X],7*2(=?13V^6
=?1M>�<[� ¡C�1320J�7*F3F¢7*2(=?6
Z�F3132?/�7*@X=(>r=?6CB?��FM7h>�A�=?F31M7:9L2f13<H>CZ�2(7:9?v
6
=?1M>�<�6CF@�6
=?6�_e£�>�VW4�A�=?6
=?1M>�<�6CF3FM�e\X],7*2(=?13V^6
=(>C9WB:6C<�Z87c@�7:9L1MvC7*@A�2?13<�E�6C<�1M=(7:9L6
=?1MvC7�9?7:J�7*1ME�/�=(7*@�FM7*6C2(=[2?��A�6
9?7*2�NIi�SfjTk�U6CFMEC>C9L1M=?/�Vg_5\X],7*2(=?13V^6
=?1M>�<;/�6C2WZ87:7*<56
4�4�F31M7*@�2?A�B:B$7*2?2�]G&A�F3FM�r=(>r=?13VW7a2(7:9L1M7*204�9?7*@�13B$=?1M>�<���13V^6
EC7a4�9?>�B$7*2?2?13<�Ec6C<�@

4�6
=(=(7:9L<�9?7*B$>CE�<�1M=?1M>�<¤� ¥��q¦��R§��,_t-0/�132g4�6
487:9X4�9?7*2(7*<�=?26X<�7:J¤VW>�@�7*F�13@�7*<�=?1on�B:6
=?1M>�<�6CFMEC>C9L1M=?/�Vt=?/�6
=bB$>�VbZ�13<�7*2=?/�7r\X],7*2(=?13V^6
=(>C9hJf1M=?/lGI>C9?JK6
9L@�9?7:EC9?7*2?2?1M>�<�_g¨K6C2(7*@�>�<=?/�7�VW>�@�1on�7*@apq9L6CVh]�k�BL/�V^13@�=�4�9?>�B$7*@�A�9?7dGI>C9¢>C9?=?/�>CEC>�<�6CFGI>C9?JK6
9L@�9?7:EC9?7*2?2?1M>�<¤N,PRQTSRUL�f=?/�7�4�9?>C48>�2(7*@�6CFMEC>C9L1M=?/�V13<�B$>C9?48>C9L6
=(7*2m6C<;i�SfjTk513<�<�7:9mFM>�>C4�13<�=(>�=?/�7eVW>�@�1on�7*@pq9L6CVh]�k�BL/�V^13@�=©4�9?>�B$7*@�A�9?7R=(>r@�7:9L1MvC7 6^\X],7*2(=?13V^6
=(>C9q>CGVW>�@�7*FC4�6
9L6CVW7:=(7:9L2:_Ti�< B$>�VbZ�13<�6
=?1M>�< Jf1M=?/ �f],>C4�=?13V^6CF31M=��GI>C9cVW>�@�7*F©2(=(9LA�B$=?A�9?7g2(7*FM7*B$=?1M>�<¢� ���,�ª=?/�7g4�9?>C48>�2(7*@�6CFMEC>
]9L1M=?/�V�2?13VaA�FM=?6C<�7:>�A�2?FM�e@�7:9L1MvC7^9?>CZ�A�2(=bVW>�@�7*Fª2(=(9LA�B$=?A�9?76C<�@g4�6
9L6CVW7:=(7:9f7*2(=?13V^6
=(7*20GI>C90Z�6C@X@�6
=?6^B$>�<�@�1M=?1M>�<�2:_
2 Preliminariesy«F313<�7*6
9`9?7:EC9?7*2?2?1M>�<�VW>�@�7*FfN&Sf¨KQ�<�7*A�9L6CF�<�7:=�J�>C9?����¨ª]2(4�F313<�7�<�7*A�9?>CG&A��:�:�`<�7:=�J�>C9?��U�B:6C<bZ87�GI>C9LVaA�F36
=(7*@b6C2�� ¬�����

® NI¯?Ud°²±³´:µ¢¶:· ´ NI¸�NI¯?U(Uº¹ ´©»�¼ NI¯?U N���U
Jf/�7:9?7g¯^°½�
¾L��¾:¿:¿:¿�¾?À��K6C<�@�ÀÁ132h=?/�7X2?1M�:7m>CGq=?/�7g7*2�]=?13V^6
=?1M>�<�@�6
=?6�2(7:=:_ ® NI¯?Ur132m2(��2(=(7*VÂ>�A�=(4�A�=mv
6
9L136
Z�FM7C�
�



¸ªNI¯?Ud°s� Ã ¶ NI¯?UL¾:¿:¿:¿�¾(Ã�Ä�NI¯?U,�MÅl132ª2(��2(=(7*V 13<�4�A�=dvC7*B$=(>C9KJf1M=?/6C<g6C2?2?A�VW7*@m��<�>�Jf<g@�13VW7*<�2?1M>�<c>CG¢Æ�_ · ´ N,ÇCU�132©6h��<�>�Jf<<�>�<�F313<�7*6
9^Z�6C2?132WG&A�<�B$=?1M>�<��©2?A�BL/�6C2rSf¨KQ���>C9m¨ª]�2(4�F313<�7G&A��:�:�XVW7*VbZ87:9L2?/�1M4HG&A�<�B$=?1M>�<�2:_ ¼ NI¯?U0132f6C<eA�<�B$>C9?9?7*F36
=(7*@VW>�@�7*F�9?7*2?13@�A�6CF�2(7*��A�7*<�B$7KJf1M=?/a�:7:9?>`VW7*6C<W6C<�@av
6
9L136C<�B$7>CGªÈ�É�_R¹ ´ 132qVW>�@�7*F¢4�6
9L6CVW7:=(7:9*��6C<�@[ÊË132f=?/�7a<�A�VbZ87:9>CGÌ9?7:EC9?7*2?2(>C9L2:_Í ��_ÎN���UKB:6C<XZ87`J09L1M=(=(7*<g13<m=?/�7bV^6
=(9L1ourGI>C9LV�6C2
Ï °�ÐhÑ »�Ò N���U

Jf/�7:9?7 Ï °Ó� ® N���UL¾:¿:¿:¿�¾ ® N&ÀlU,�MÅÔ132�=?/�7�>�A�=(4�A�=�vC7*B"]=(>C9*_ÕÑÖ°×� ¹ ¶ ¾:¿:¿:¿�¾?¹ ± �MÅ¤132m4�6
9L6CVW7:=(7:9XvC7*B$=(>C9*� Ò °� ¼ N���UL¾:¿:¿:¿�¾ ¼ N&ÀlU,�MÅ�1320=?/�7 9?7*2?13@�A�6CF8vC7*B$=(>C9*�86C<�@HÐ 132©=?/�79?7:EC9?7*2?2?1M>�<gV^6
=(9L1ou
Ð�°

ØÙÙÙ
Ú
· ¶ N���U · É N���U ¿:¿:¿ · ´ N���U�¿:¿:¿ · ± N���U· ¶ N���U · É N���U ¿:¿:¿ · ´ N���U�¿:¿:¿ · ± N���U_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_:_
· ¶ N&ÀlU · É N&ÀlU�¿:¿:¿ · ´ N&ÀlU�¿:¿:¿ · ± N&ÀlU

Û ÜÜÜ
Ý

Jf1M=?/ · ´ NI¯?Uª° · ´ NI¸ªNI¯?U(UL_0�q7*<�>C=(7b=?/�7aB$>�F3A�V^<gvC7*B$=(>C9L2q13<Ð�6C2rÞ ´ °.� · ´ N���UL¾:¿:¿:¿�¾ · ´ N&ÀlU,�MÅª�0ß�°Ô�
¾:¿:¿:¿�¾?Ê¤_�yq<>C9?=?/�>CEC>�<�6CF¢@�7*B$>�VW48>�2?1M=?1M>�<m>CGTÐ¤132
Ð�°�àYá N���U

Jf/�7:9?7`á«°�â�ã¢ä å
æ 132K6C<mÊèçcÊéA�<�1M=�A�4�487:9�=(9L136C<�E�A�F36
9V^6
=(9L1oug6C<�@gàê13206C<XÀëçXÊìV^6
=(9L1oumJf1M=?/g>C9?=?/�>CEC>�<�6CFB$>�F3A�V^<�2K=?/�6
=f2?6
=?132(GI�
à Å àí°�î�ï�ð�ñ�â�ò ¶ ¾:¿:¿:¿*¾Lò ± æ NI¡�U

Jf1M=?/ ò ´ °�ó Å´ ó ´ ¾ ß^°��
¾:¿:¿:¿�¾?Ê N�¥�U
2(>W=?/�6
=aN���U©B:6C<gZ87`7$u�4�9?7*2?2(7*@X6C2

Ï °sN&Ð�áXô ¶ U$N�ágõ U »�Ò °�à÷ö »�Ò N�¦�U
Jf/�7:9?7aö�°«� ø ¶ ¾:¿:¿:¿�¾�ø ± �MÅ�132q6C<e6CA�u�13F3136
9?�mvC7*B$=(>C9*_b-0/�76
Z8>�vC7g>C9?=?/�>CEC>�<�6CF0@�7*B$>�VW48>�2?1M=?1M>�<�B:6C<�Z87m9?7*6CF31M�:7*@�Z��=?/�7rVW>�@�1on�7*@�pq9L6CVh]�k�BL/�V^13@�=b6CFMEC>C9L1M=?/�V.�o�$�,��13<lJf/�13BL/FM7*6C2(=W2?��A�6
9?7*2a4�6
9L6CVW7:=(7:9W7*2(=?13V^6
=(7*2W6
9?7gA�2?A�6CF3FM��A�2(7*@�_¨K6C2(7*@5>�<�=?/�7HVW>�@�1on�7*@;pq9L6CVh]�k�BL/�V^13@�=W6CFMEC>C9L1M=?/�Vg�K6GI7:JÕv
6
9L136C<�=?2r>CG GI>C9?JK6
9L@�PRjTk�6CFMEC>C9L1M=?/�V^2r/�6*vC7eZ87:7*<13<�=(9?>�@�A�B$7*@g=(>m13VW4�9?>�vC7aVW>�@�7*F�EC7*<�7:9L6CF31M�*6
=?1M>�<[B:6
4�6
Z�13Fo]1M=��YZ�6C2(7*@s>�<s=?/�75B$>�<�B$7:4�=?2�GI9?>�Vé¨K6*�C7*2?136C<¤9?7:E�A�F36
9(]1M�*6
=?1M>�<�ù�Z�6C2?132c4�A�9L2?A�1M=[�o�:úC�,�f7$u�487:9L13VW7*<�=?6CFq@�7*2?1ME�<�6C<�@FM7*6*vC7$],>�<�7$],>�A�=WN&jTP P U�2?B$>C9?7 9?7*2(487*B$=?1MvC7*FM�l�o�C�C�¢�*���,_

-0/�7mPRQTS 7*2(=?13V^6
=(>C9h13<�vC>�FMvC7*2b2(7*FM7*B$=?13<�EH6H2(7:=b>CG©Æxûv
6
9L136
Z�FM7*2XÞ ´ °è� · ´ N���UL¾:¿:¿:¿�¾ · ´ N&ÀlU,�MÅª� ß °×�
¾:¿:¿:¿�¾(Æxû��GI9?>�VÔÊí9?7:EC9?7*2?2(>C9L2^=(>�GI>C9LVÔ6�2(7:=c>CGR>C9?=?/�>CEC>�<�6CF0Z�6�]2?132bó ´ �dß�°÷�
¾:¿:¿:¿�¾(Æxû��d13<�6HGI>C9?JK6
9L@�9?7:EC9?7*2?2?1M>�<�V^6C<�]<�7:9*_l-0/�7r�f],>C4�=?13V^6CF31M=���B$9L1M=(7:9L1M>�<��o�*���©V^6�u�13V^1M�:7*2b=?/�7@�7:=(7:9LV^13<�6C<�=d>CG�=?/�7f@�7*2?1ME�<cV^6
=(9L1ouW@�7$n�<�7*@c6C2dàÕÅ´ à ´ �
V^6�u8âCü�ý5°�@�7:=�NIà Å ´ à ´ U�°

Ä�þÿ´:µ¢¶ ò ´ æ N,§CU
Jf/�7:9?7 à ´�������� Ä�þ @�7*<�>C=(7*20=?/�7b9?7*2?A�FM=?6C<�=©9?7:EC9?7*2?2?1M>�<V^6
=(9L1ou8�TB$>�<�2?132(=?13<�EX>CG©ÆxûW9?7:EC9?7*2?2(>C9L2a2(7*FM7*B$=(7*@�GI9?>�VOÊ9?7:EC9?7*2?2(>C9L2^13<�àë_�iº=^B:6C<�Z87g7*6C2?13FM��vC7:9L1on�7*@�=?/�6
=W=?/�72(7*FM7*B$=?1M>�<c>CGx=?/�7q6a2?A�Z�2(7:=d>CGxà ´ GI9?>�V àí132d7*��A�1Mv
6CFM7*<�==(>c=?/�7b2(7*FM7*B$=?1M>�<g>CGT=?/�7b6c2?A�Z�2(7:=©>CGTÆxûq9?7:EC9?7*2?2(>C9L20GI9?>�VÐÕ� ���,_i�<l=?/�132 2(=?A�@��eJ�7c6
9?7cB$>�<�B$7:9L<�7*@�6
Z8>�A�= VW>�@�7*FdB$>�<�]2(=(9LA�B$=?1M>�<aGI9?>�V�@�6
=?6R7$u�/�1MZ�1M=?13<�E0Z�6C@hB$>�<�@�1M=?1M>�<�2Ì2?A�BL/h6C2>�A�=?F31M7:9L2:_g-0/�7^EC7*<�7:9L6CF�VW7:=?/�>�@�>CG©=?6CB?��F313<�EH=?/�132`4�9?>CZ�]FM7*VÁ132gJ�7*F3F 7*2(=?6
Z�F3132?/�7*@�6C2[\X],7*2(=?13V^6
=?1M>�< � ¡
�,�bJf/�13BL/132ª6`EC7*<�7:9L6CF31M�*6
=?1M>�<^>CGxV^6�u�13VaA�Vh]�F31M�C7*F313/�>�>�@b7*2(=?13V^6
=?1M>�<VW7:=?/�>�@lGI>C9 @�6
=?6gJf1M=?/[>�A�=?F31M7:9L2:_h-0/�7W\X],7*2(=?13V^6
=(>C9m� ¡
�1320@�7*2?B$9L1MZ87*@m13<m=?/�7 GI>�F3FM>�Jf13<�Eh2(7*B$=?1M>�<�_
2.1 M-estimators-0/�7r\X],7*2(=?13V^6
=(>C9L2h/�6*vC7mZ87:7*<�J�7*F3F�2(=?A�@�1M7*@;� ¡C�,_l£�>�<�]2?13@�7:9L13<�Ea=?/�7 F313<�7*6
9K9?7:EC9?7*2?2?1M>�<gVW>�@�7*F8E�1MvC7*<gZ��lN���UL��\X]7*2(=?13V^6
=(>C9qV^13<�13V^1M�:7*2�=?/�7 B$>�2(=fG&A�<�B$=?1M>�<

� ± ° �³	 µ¢¶ 
 N ¼ NI¯?U(U N�¬�U
Jf/�7:9?75=?/�75G&A�<�B$=?1M>�< 
 N ¼ NI¯?U(Ul132�2(>�VW7;4�9?7*@�7:=(7:9LV^13<�7*@<�>�<�<�7:E�6
=?1MvC7RG&A�<�B$=?1M>�<�6CF32dGI>C9©@�1oz87:9?7*<�=�=���487*2�>CGx7*2(=?13V^6�]=(>C9L2:��7C_ E�_dGI>C9KFM7*6C2(=K2?��A�6
9?7*2 
 N ¼ NI¯?U(Ud° 
�� N ¼ NI¯?U(Uª° ¼ ÉCNI¯?UL_-ª��4�13B:6CF3FM� 
 N ¼ NI¯?U(UT132�6C<^7:vC7*<^G&A�<�B$=?1M>�<W6C<�@W<�>�<�@�7*B$9?7*6C2�]13<�EHJf1M=?/�9?7*2(487*B$=a=(>[=?/�7m6
Z�2(>�F3A�=(7cv
6CF3A�7r>CG ¼ NI¯?UL_e-0/�74�9?>CZ�FM7*V >CGxFM7*6C2(=K2?��A�6
9?7*2ª7*2(=?13V^6
=(>C9K132ª=?/�6
= � ± Jf13F3F�Z8713<��A�7*<�B$7*@cZ��r6C<��c>�A�=?F31M7:9�=���4�1on�7*@rZ��r6hF36
9?EC7`6
Z�2(>�F3A�=(7v
6CF3A�7 ¼ NI¯?UL��6C2?2?A�V^13<�E^=?/�6
=q1MG�6C<��g>�A�=?F31M7:9q/�6C20�C7:=qZ87:7*<@�7:=(7*B$=(7*@h6C<�@ 9?7*VW>�vC7*@a13<`=?/�7ª7*2(=?13V^6
=?1M>�<b@�6
=?6f2(7:=:_T-0/�7EC7*<�7:9L6CF�\X],7*2(=?13V^6
=(>C9qB:6C<m=(>�FM7:9L6
=(7bA�<�@�7:=(7*B$=(7*@m>�A�=?F31M7:9L2Z��;6C2?2?1ME�<�13<�E�6�2?V^6CF3FM7:9cJ�7*1ME�/�=r=(>�>CZ�2(7:9?v
6
=?1M>�<�2cJf1M=?/9?7*2?13@�A�6CF32qJf1M=?/lF36
9?EC7^6
Z�2(>�F3A�=(7hv
6CF3A�7*2:�¢2(>g=?/�7W4�6
9L6CVW7$]=(7:9Ì7*2(=?13V^6
=(7*2Ì6
9?7�FM7*2?2xv�A�F3<�7:9L6
Z�FM7T=(>qA�<�A�2?A�6CF�@�6
=?6�_T-0/�7
�



VW>�2(=WB$>�V^VW>�<�=���487*2a>CGq\X],7*2(=?13V^6
=(>C9L2^6
9?7m=?/�7������ | %7*2(=?13V^6
=(>C9fE�1MvC7*<gZ��l� ¡C�

�� N ¼ Ud°�� ¶É ¼ É GI>C9�� ¼ �������� ¼ ��� ¶É ��É²GI>C9�� ¼ ����� N��U

>C90=?/�7b-ÌA�9?�C7:��� �Î!"!"��'
% | 7*2(=?13V^6
=(>C9*��E�1MvC7*<gZ��

�# N ¼ Ud°��%$'&( â��)���o�*��N'+$ UºÉL�-,�æèGI>C9�� ¼ �.���¶( ��É GI>C9�� ¼ �.��� N��:ú�U

Jf/�7:9?7m=?/�7g4�6
9L6CVW7:=(7:9/��132WB:6CF3FM7*@�6e=?A�<�13<�ElB$>�<�2(=?6C<�=:�7C_ E�_h1M=R132`B$>�V^VW>�<e=(>XBL/�>�>�2(70�e°«�21 ��¡�¥
È�GI>C9`=?/�7/��� ~� | %T7*2(=?13V^6
=(>C9�6C<�@0�r°;¡31 ¦C¬C¥
ÈHGI>C9ª=?/�7f-ÌA�9?�C7:�H� �Î!"!"��'
% |7*2(=?13V^6
=(>C9*_d-0/�7*2(7fv
6CF3A�7*2ª>
z87:9K9?>CZ�A�2(=?<�7*2?2ª6
E�6C13<�2(=�>�A�=�]F31M7:9L2:��Z�A�=��C7:=04�9?>�@�A�B$7`C¥54 7$�rB:1M7*<�B$�cJf/�7*<r=?/�7`7:9?9?>C9L26
9?7b<�>C9LV^6CFd� ¡C�,_-0/�7 \X],7*2(=?13V^6
=(>C9qB:6C<XZ87`@�7:9L1MvC7*@gZ��m2(7:=(=?13<�E6 � ±68õ � 7 µ�87:9Y°<; N��C��U
=(>^��1M7*F3@ 6 � ±68õ °�Ð Å>= °<; N��*��U
Jf/�7:9?7?;X132©�:7:9?>^vC7*B$=(>C9*_

= ° � 6 � ±6 ¼ N���U ¾"1@1@1M¾ 6 � ±6 ¼ N&ÀlU � Å° � ARN ¼ N���U(UL¾"1@1@1M¾BARN ¼ N&ÀlU(U,� Å N��*��U
Jf/�7:9?70ARN ¼ U`132 =?/�7c@�7:9L1Mv
6
=?1MvC7^>CG 
 N ¼ URJf1M=?/l9?7*2(487*B$= =(>¼ _d�q7$n�<�7 =?/�7 J�7*1ME�/�=©G&A�<�B$=?1M>�<

C NI¯?Ud° ARN ¼ NI¯?U(U¼ NI¯?U ¾�GI>C9é¯d°��
¾"1@1@1M¾?À�1 N��$¡�U
Í ��A�6
=?1M>�<�N��*��U©B:6C<XZ87`J09L1M=(=(7*<g6C2

Ð Å>D Ò °<; N��*¥�U
Jf/�7:9?7 D °Y@�136
E�â C N���UL¾ C N���UL¾"1@1@1 C N&ÀlU?æ��TJf/�>�2(7h2(>�F3A�=?1M>�<132KE�1MvC7*<H6C2©=?/�7 J�7*1ME�/�=(7*@HFM7*6C2(=02?��A�6
9?7*2Eõ ± °�â�Ð ÅFD Ðhæ ô ¶ Ð Å>D Ï N��*¦�U
¨�7*B:6CA�2(7 C NI¯?ULw 2r6
9?7�'HG�%I� � %rA�<���<�>�Jf<��K6C<;1M=(7:9L6
=?1MvC7*FM�9?7:J�7*1ME�/�=(7*@�FM7*6C2(= 2?��A�6
9?7XNIi�SfjTk�Uq132q9?7*��A�1M9?7*@�_a-0/�7^\X]7*2(=?13V^6
=(>C9fi�SfjTkc4�9?>�B$7*@�A�9?7`13206C2©GI>�F3FM>�Jf2"J

�q7*<�>C=(7)K 6C2T=?/�7©1M=(7:9L6
=?1M>�<h2(=(7:4x_Ìi�<�1M=?136CF3FM�`2(7:=FKÕ°��
�DML ¶ON °QP N&1�_ 7C_dFM7*6C2(=d2?��A�6
9?7*2"UÌ=(>b@�7:9L1MvC706C<^13<�1M=?136CF�VW>�@�7*F9?7*2?13@�A�6CF32 ¼ L ¶ON NI¯?UL��=?/�7*<gGI>C9�KÕ°���¾"1@1@1M¾BKHR��
C L S N NI¯?Ud° ARN ¼ L S ô ¶ON NI¯?U(U¼ L S ô ¶ON NI¯?U ¾�GI>C9 ¯d°��
¾"1@1@1M¾?À�1 N���§CU

Q�9?>�VÕN��UT6C<�@HN��:ú�UL��=?/�7©J�7*1ME�/�=dG&A�<�B$=?1M>�<�2T>CGT����� | %T6C<�@=?/�7q-ÌA�9?�C7:�[� �Î!"!"��'
% | 7*2(=?13V^6
=(>C9KB:6C<cZ8707$u�4�F313B:1M=?FM�bE�1MvC7*<Z��
C L S N� NI¯?Ud°�� � GI>C9�� ¼ L S ô ¶ON NI¯?U"�����$U +IV W�X�Y[Z L 	 N U GI>C9�� ¼ L S ô ¶ON NI¯?U"����� N��*¬�U

6C<�@
\^] _F`acbedgf�h �ji k^l bnmBo prq2s-t ] ue`v fxwny@w{ze|~}�� � ] _����x` bedgf������� ze|~}�� � ] _����x` bedgf������ b kI� f9?7*2(487*B$=?1MvC7*FM�C_ jx7:= DML S N °Á@�136
E�â C L S N N���UL� C L S N N���UL�1@1@1 C L S N N&ÀlU?æ���=?/�7*<Eõ L S N

± °�â�Ð ÅFD L S N Ðhæ ô ¶ Ð ÅFD L S N Ï N��
ú�U
Ò L S N ° Ï ��Ð Eõ L S N

± N�����U
Jf/�7:9?7 Ò L S N °½� ¼ L S N N���UL¾:¿:¿:¿�¾ ¼ L S N N&ÀlU,�MÅY6
9?7g9?7*6C@���GI>C9<�7$u�=H1M=(7:9L6
=?1M>�<�2(=(7:4x_Õ-0/�7�6
Z8>�vC7�4�9?>�B$7*@�A�9?7�1M=(7:9L6
=(7*2A�<�=?13F8=?/�7`4�6
9L6CVW7:=(7:9f7*2(=?13V^6
=(>C9 Eõ ± B$>�<�vC7:9?EC7*2q6
=�KÕ°KHRª_ Eõ ± °�â�Ð ÅFD L S�� N Ðhæ ô ¶ Ð ÅFD L S�� N Ï N��C��U
3 Model identification algorithm using

forward regression with M-estimation-0/�7WVW>�@�1on�7*@lpq9L6CVh]�k�BL/�V^13@�=q4�9?>�B$7*@�A�9?7hB:6C<eZ87hA�2(7*@=(>H487:9?GI>C9LVt=?/�7^>C9?=?/�>CEC>�<�6CF31M�*6
=?1M>�<�6C<�@l4�6
9L6CVW7:=(7:9b7*2�]=?13V^6
=?1M>�<��RA�2?A�6CF3FM��Jf1M=?/�4�6
9L6CVW7:=(7:9L2X@�7:9L1MvC7*@�6C2gFM7*6C2(=2?��A�6
9?7*2[4�6
9L6CVW7:=(7:9L2:_ëi�<Y=?/�132[2(7*B$=?1M>�<�6�<�7:J½VW>�@�7*F13@�7*<�=?1on�B:6
=?1M>�<;6CFMEC>C9L1M=?/�V½=?/�6
=rB$>�VbZ�13<�7*2r\X],7*2(=?13V^6
=(>C9Jf1M=?/�GI>C9?JK6
9L@�9?7:EC9?7*2?2?1M>�<5132^13<�=(9?>�@�A�B$7*@�Z�6C2(7*@�>�<�=?/�7VW>�@�1on�7*@�pq9L6CVh]�k�BL/�V^13@�=H4�9?>�B$7*@�A�9?7C_½pq7:>�VW7:=(9L13B:6CF3FM�=?/�7r2(��2(=(7*V�>�A�=(4�A�= vC7*B$=(>C9 Ï �d132`4�9?>��(7*B$=(7*@�>�<�=(>e6H2(7:=>CGd>C9?=?/�>CEC>�<�6CFÌZ�6C2?1320vC7*B$=(>C9L2:�Tâ*ó ¶ ¾"1@1@1M¾(ó ´ ¾"1@1@1oæ�_RQ�>C9R=?/�7VW>�@�1on�7*@epq9L6CVh]�k�BL/�V^13@�=q6CFMEC>C9L1M=?/�Vg�8=?/�7hVW>�@�7*F¢9?7*2?13@�]A�6CF�132�@�7*B$9?7*6C2(7*@^Z��h4�9?>��(7*B$=?13<�E`=?/�7f2(��2(=(7*Vs>�A�=(4�A�=�vC7*B"]=(>C9 Ï >�<�=(>X6m<�7:J�Z�6C2?132fó ´ 6
=`2(=(7:4�ß�_ �q7*<�>C=(7^VW>�@�7*F
�



9?7*2?13@�A�6CFÌvC7*B$=(>C9W6C2 Ò L ´"N �¢Jf/�7:9?7W=?/�7c2?A�Z�2?B$9L1M4�=`@�7*<�>C=(7*2GI>C9?JK6
9L@�9?7:EC9?7*2?2?1M>�<�2(=(7:45ß�_li�<�1M=?136CF3FM�eVW>�@�7*F�9?7*2?13@�A�6CF32Ò L�� N 132 Ï _c-0/�7W4�9?>�B$7*@�A�9?7W6
= GI>C9?JK6
9L@l9?7:EC9?7*2?2?1M>�<l2(=(7:4ß���B:6C<WZ87�7$u�4�F313B:1M=?FM�b13<�=(7:9?4�9?7:=(7*@h6C2Tn�=(=?13<�ER=?/�7©4�9?7:v�1M>�A�2VW>�@�7*FC9?7*2?13@�A�6CFCvC7*B$=(>C9 Ò L ´ ô ¶ON N&6C2T@�7:9L1MvC7*@`GI9?>�V�GI>C9?JK6
9L@9?7:EC9?7*2?2?1M>�<g2(=(7:4�N�ß�����U(UKA�2?13<�Eh6W2?13<�E�FM7qv
6
9L136
Z�FM7Ró ´ =(>2(>�FMvC7W6m<�7:JsVW>�@�7*F¢9?7*2?13@�A�6CFxvC7*B$=(>C9 Ò L ´"N _ ¨�7*B:6CA�2(7^\X]7*2(=?13V^6
=(>C9^B:6C<�7*<�/�6C<�B$7gVW>�@�7*F�4�6
9L6CVW7:=(7:9W9?>CZ�A�2(=?<�7*2?213<^Z�6C@m@�6
=?6aB$>�<�@�1M=?1M>�<�2ª2?A�BL/m6C2�>�A�=?F31M7:9L2:��=?/�7q4�9?>C48>�2(7*@6CFMEC>C9L1M=?/�Vs13<h=?/�132�J�>C9?�h132d6`v
6
9L136C<�=�>CG�VW>�@�1on�7*@^pq9L6CVh]k�BL/�V^13@�=T4�9?>�B$7*@�A�9?7K=?/�6
=ª13<�B:F3A�@�7*2Ì=?/�7©i�SfjTkh13<�<�7:9�FM>�>C42(>h6C2�=(>h@�7:9L1MvC7f=?/�7R\X],7*2(=?13V^6
=(>C9L2K>CG�=?/�7R6CA�u�13F3136
9?�hvC7*B"]=(>C9föd_k�=?6
9?=?13<�E GI9?>�V ß ° �
� =?/�7 B$>�F3A�V^<�2èÞ8åC�ß » �{����� Ê 6
9?7sV^6C@�7s>C9?=?/�>CEC>�<�6CFl=(>«=?/�7ß�=?/ B$>�F3A�V^<¤6
=�=?/�7�ß�=?/ 2(=?6
EC7C_Ö-0/�7��f],>C4�=?13V^6CF31M=��B$9L1M=(7:9L1M>�<ë� ���lGI>C9�7*6CBL/÷>CG�Þ8åC��ß » �{����� ÊB$>�F3A�V^<�2�132�7:v
6CF3A�6
=(7*@��g6C<�@ =?/�7�VW>�2(=�9?7*FM7:v
6C<�=�B$>�Fo]A�V^<¤132�2(7*FM7*B$=(7*@ =(>YZ87�13<�=(7:9LBL/�6C<�EC7*@¤Jf1M=?/¤=?/�7�ß�=?/B$>�F3A�V^<�_ -0/�7Y\X],7*2(=?13V^6
=(>C9�GI>C9�=?/�7�ß�=?/D9?7:EC9?7*2?2(>C9NI=?/�752(7*FM7*B$=(7*@s9?7:EC9?7*2?2(>C9$U[132[=?/�7*< @�7:9L1MvC7*@��h6C2�2?/�>�Jf<Z87*FM>�J �fv�136�=?/�7l4�9?>C48>�2(7*@�S07$],J�7*1ME�/�=(7*@�FM7*6C2(=X2?��A�6
9?7*2NIi�SfjTk�Um13<�<�7:9XFM>�>C4x_t-0/�7�>C487:9L6
=?1M>�<�132g9?7:487*6
=(7*@�GI>C9����ß��5ÆxûM�YN&Ê��;��UL_
-0/�7�GI>�F3FM>�Jf13<�Esi�SfjTk 6CFMEC>C9L1M=?/�V 13<�<�7:95FM>�>C4Õ6C13V^2=(>�@�7:9L1MvC7e7*1M=?/�7:9������ | %c>C9�� �Î!"!"��'
% | \X],7*2(=?13V^6
=(>C9XGI>C9=?/�7Xß�=?/�7*FM7*VW7*<�=h>CGq=?/�7g6CA�u�13F3136
9?�lvC7*B$=(>C9cöd�dJf/�13BL/�13213<�1M=?136CF31M�:7*@�6C2X=?/�7�>C9L@�13<�6
9?��FM7*6C2(=H2?��A�6
9?7*2g4�6
9L6CVW7:=(7:97*2(=?13V^6
=(>C90ø L ¶ON´ °������� V � X�Y[Z� �� � �¡ °�ú�_¢ # | %('C# | �¤£ |$~O¥�| �@¦2§�# | �©¨ | '�!$#[!"!"��'
% | !¤ª ¢ £�«>¬5¤�[®�® | %¨ �*� G¯J
1�_xi�<�1M=?136CF31M�:7FKÕ°���_F°f>C=(7ª=?/�6
=¢VW>�@�7*FC9?7*2?13@�A�6CF
vC7*B$=(>C9132©13<�1M=?136CF31M�:7*@r6C2 Ò L ¶ONL ´"N Z�6C2(7*@g>�<X=?/�7`4�6
9L6CVW7:=(7:90ø L ¶ON´ _131�_ Q�>C9±����� | %�\X],7*2(=?13V^6
=(>C9*��2(7:=²�é°³� �L ´"N °

�21 ��¡�¥`2(=?@¢N Ò L S ô ¶ONL ´"N UL��Jf/�7:9?7©2(=?@¢N,ÇCUÌ@�7*<�>C=(7*2d2(=?6C<�@�6
9L@W@�7$]v�136
=?1M>�<�_�´q2(7cN��*¬�UK=(>cB$>�<�2(=(9LA�B$=
D L S N� ° @�136
E�â C L S N� N ¼ L S ô ¶ONL ´"N N���U(UL¾ C L S N� N ¼ L S ô ¶ONL ´"N N���U(U

¾"1@1@1M¾ C L S N� N ¼ L S ô ¶ONL ´"N N&ÀlU(U?æ51 N��C��U
>C9«GI>C9�� �Î!"!"��'
% | \X],7*2(=?13V^6
=(>C9*� 2(7:=µ� ° � #L ´"N °

¡31 ¦C¬C¥c2(=?@xN Ò L S ô ¶ONL ´"N UL_ª-0/�7*<gA�2(7cN��*�UK=(>cB$>�<�2(=(9LA�B$=
D L S N# ° @�136
E�â C L S N# N ¼ L S ô ¶ONL ´"N N���U(UL¾ C L S N# N ¼ L S ô ¶ONL ´"N N���U(U

¾"1@1@1M¾ C L S N# N ¼ L S ô ¶ONL ´"N N&ÀlU(U?æ N���¡�U
13131�_��q7*<�>C=(7
D L S N °�� D L S N� GI>C9�¶qA�Z87:9f\X],7*2(=?13V^6
=(>C9D L S N# GI>C9h� �Î!"!"��'
% | \X],7*2(=?13V^6
=(>C9 N��C¥�U
6C<�@

ø L S N´ ° ó^Å´ DML S N Ò L ´ ô ¶ONó Å ´ D L S N ó ´ N��C¦�U
Ò L S NL ´"N ° Ò L ´ ô ¶ON �lø L S N´ ó ´ N���§CU

Jf/�7:9?7 Ò L S NL ´"N °s� ¼ L S NL ´"N N���UL¾ ¼ L S NL ´"N N���UL¾"1@1@1M¾ ¼ L S NL ´"N N&ÀlU,�MÅª_
Nx·M¸0_ -0/�7�>C9?=?/�>CEC>�<�6CFWGI>C9?JK6
9L@�9?7:EC9?7*2?2?1M>�<sB:6C<�Z877$u�4�F313B:1M=?FM�513<�=(7:9?4�9?7:=(7*@�6C2rn�=(=?13<�E�=?/�7e4�9?7:v�1M>�A�2rVW>�@�7*F9?7*2?13@�A�6CFTvC7*B$=(>C9 Ò L ´ ô ¶ON A�2?13<�Eg=?/�7c2(7*FM7*B$=(7*@�>C9?=?/�>CEC>�<�6CFZ�6C2?132ló ´ _c¹�/�13FM7�ø L ¶ON´ 132�@�7:9L1MvC7*@¤6C2�FM7*6C2(=�2?��A�6
9?7*24�6
9L6CVW7:=(7:9W7*2(=?13V^6
=(7*2^6C2?2(>�B:136
=(7*@�Jf1M=?/�ó ´ �qN��C¦�U,]"N���§CU6
9?7 =?/�7¤@�1M9?7*B$=�6
4�4�F313B:6
=?1M>�<t>CG�N��
ú�U,]"N�����U�=(>D@�7:9L1MvC7S07$],J�7*1ME�/�=(7*@ÕFM7*6C2(=;2?��A�6
9?7�4�6
9L6CVW7:=(7:9;7*2(=?13V^6
=(7*25GI>C9\X],7*2(=?13V^6
=(>C9L2:_ U
1Mv�_^iºG?º(ø L S N´ ��ø L S ô ¶ON´ º¼»¾½��ÌJf/�7:9?7/½m132`6
9?Z�1M=(9L6
9L13FM�2?V^6CF3F�<�A�VbZ87:9*��=?/�7*<X2(7:=�KÕ°QK » �
��6C<�@gEC>C=(>r2(=(7:4[131�_Pq=?/�7:9?Jf132(7C�d2(7:= Ò L ´"N ° Ò L S NL ´"N ��ø ´ °«ø L S N´ _�QT13<�132?/�=?/�7i�SfjTkm13<�<�7:9©FM>�>C4x_

4 An illustrative examplePR<�FM�h6b2?13VW4�FM7013F3F3A�2(=(9L6
=?1MvC7©7$u�6CVW4�FM7f132d4�9?>�v�13@�7*@^13<^=?/�1322(7*B$=?1M>�<��ªVW>C9?7m7$u�487:9L13VW7*<�=?6CFK2(=?A�@�1M7*2aB:6C<�Z87rGI>�A�<�@�13<�o�$¡C�,_ª£�>�<�2?13@�7:9�A�2?13<�Eq6C<WSf¨KQe<�7:=�J�>C9?�a=(> 6
4�4�9?>*u�13V^6
=(7=?/�7¼¿ 2?13<�B
w�G&A�<�B$=?1M>�<
À NIÃ�Ud° 2?13<�NIÃ�UÃ ¾ �b�:ú��5Ã����:ú N��C¬�U

�:úCúCúr=(9L6C13<�13<�Ec@�6
=?6 ® NIÃ�U©J�7:9?7aEC7*<�7:9L6
=(7*@[GI9?>�V ® NIÃ�UK°À NIÃ�U »�¼ �RA�2?13<�E�A�<�1MGI>C9LV^FM��@�132(=(9L1MZ�A�=(7*@;9L6C<�@�>�VÂÃ �� �b�:ú�¾*�:ú��,_�-0/�7X6C@�@�1M=?1MvC7g<�>�132(7 ¼ 132^6�pR6CA�2?2?136C<�V^1ou�]=?A�9?7b=?/�6
=qV^1ou�7*2©=�J�>r=���487*2f>CGd<�>�132(7*2:��6cF36
9?EC7:9f48>C9?=?1M>�<
¡



ÁrÂ�Ã3Ä Å�Æ2Ç�ÈFÉ�Ê�ËOÌÍÌxÎ�ÌxÏ�Ð�Ñ2Ò�Ó)Î'Ò~ËÕÔ.ÏÍÖ ×ÕË^Î�ØÙÒ~ËOÌxÖ Ú ËBÒ�Ó)Î'Ò~ËÕÔ ÏrÛTÖ ÜxÝMÌxËÕÏÍÞ�ËÕßOÜxÖ Ú ËFÜxÎ�ÜÍÌxà�Ë>Ø�à�Ñ�ßOÜxÖ ÎIÑ�áâú ú�_ ú�� ú�_ ú�¥ ú�_3�:ú ú�_3�*¥ ú�_ �
úPRQTS�Jf1M=?/g�f],>C4�=?13V^6CF31M=�� -¢9L6C13<�13<�EW2(7:= ú�_ ú��:ú�� ú�_ ú��*�C¬ ú�_ ú��$¡�� ú�_ ú��*¥�§ ú�_ ú���§
¥ ú�_ ú���¡�6C<�@XFM7*6C2(=f2?��A�6
9?7*2 -¢7*2(=f2(7:= ú�_ ú��:ú�� ú�_ ú��*�C¥ ú�_ ú��*�C ú�_ ú��*¥C¬ ú�_ ú���§
¥ ú�_ ú��C¥�¡\H>�@�7*F�2?1M�:7 �C� �C� �C� �C� �C� ���PRQTS�Jf1M=?/g�f],>C4�=?13V^6CF31M=�� -¢9L6C13<�13<�EW2(7:= ú�_ ú��*��� ú�_ ú��*�C ú�_ ú��$¡�� ú�_ ú��*�C ú�_ ú��$¡�ú ú�_ ú����*6C<�@ã¶qA�Z87:90\X],7*2(=?13V^6
=(>C9 -¢7*2(=f2(7:= ú�_ ú��*��� ú�_ ú��*�C¥ ú�_ ú��*�C¦ ú�_ ú��*�C¦ ú�_ ú��*��§ ú�_ ú����*\H>�@�7*F�2?1M�:7 �C� �C� �C� �C� �C� ���PRQTS�Jf1M=?/g�f],>C4�=?13V^6CF31M=�� -¢9L6C13<�13<�EW2(7:= ú�_ ú��*�C¬ ú�_ ú��*��� ú�_ ú��*��§ ú�_ ú��*��¡ ú�_ ú��*�C¥ ú�_ ú����*¬6C<�@X¨K132?��A�6
9?7 \X],7*2(=?13V^6
=(>C9 -¢7*2(=f2(7:= ú�_ ú��*�C¬ ú�_ ú��*�C¬ ú�_ ú��*�C� ú�_ ú��*��� ú�_ ú��*�C� ú�_ ú�����§\H>�@�7*F�2?1M�:7 �C� �C� �C� �C� �C� ���

−10 0 10
−1

−0.5

0

0.5

1

1.5

−10 0 10
−1

−0.5

0

0.5

1

1.5

−10 0 10
−1

−0.5

0

0.5

1

1.5

−10 0 10
−1

−0.5

0

0.5

1

1.5

−10 0 10
−1

−0.5

0

0.5

1

1.5

−10 0 10
−1

−0.5

0

0.5

1

1.5

β=0 β=0.03 β=0.05 

β=0.1 β=0.15 β=0.2 

äTå æ�ç�è ÅéÆ2Ç�ê^ÐnÜgÐ?ëIËÕÑ�ËOÌgÐnÜxËBÒ/ì"í�î ÏÍÖ Ñ�ß�ï�Ø�à�Ñ�ßOÜxÖ ÎIÑ/ÛTÖ ÜxÝðÐIÒ�Ò~Ö ÜxÖ Ú ËÑ�ÎIÖ ÏÍËÙÎ�Ø~ÚIÐnÌxÖ ÎIà�Ï�Ô ËÕÚ ËÕÔ Ï�Î�Ø~ÎIà~ÜxÔ Ö ËOÌxÏÕñ ò@êFÎ�ÜÍÜxËBÒ>óFô�òeõ'öxõ'÷ õ ø &�ù ò@Ñ�Î�ÌxÓ�Ð�Ô ùÐ�Ñ2Ò�ú¯Ö ÌxßÕÔ ËFó�ô�òeõ'ögõ'÷ û &nù ò@ÎIà~ÜxÔ Ö ËOÌxÏ ù�ù
>CG�<�>C9LV^6CF�<�>�132(7aJf1M=?/e2?V^6CF3FM7:9Rv
6
9L136C<�B$7W6C<�@l6g2?V^6CF3FM7:948>C9?=?1M>�<�>CGg<�>�132(7�Jf1M=?/ /�1ME�/�7:9lv
6
9L136C<�B$7C_Á1�_ 7C_ ¼ýüâ À�N&ú�¾?ú�1 �
É
U » N���� â UºÀ�N&ú�¾?ú�1 ú�¥
É
UL��Jf/�7:9?7aú/� â ��ú�1 �6C2d6`2?V^6CF3F�<�A�VbZ87:9T=(>b@�7*<�>C=(70=?/�70B$>�<�=?6CV^13<�6
=?1M>�<W9L6
=?1M>��2?A�BL/a=?/�6
= ¼ /�6C2T=?/�7K4�9?>CZ�6
Z�13F31M=��^N���� â UÌ>CG�Z87*13<�ER@�9L6*Jf<GI9?>�V À�N&ú�¾?ú�1 ú�¥
É
UWN©6C2�þ(<�>C9LV^6CF�ÿ�UL�T6C<�@�6g4�9?>CZ�6
Z�13F31M=��â >CG�À�N&ú�¾?ú�1 �
É
URN&6C2/þ�>�A�=?F31M7:9L2�ÿ�UL_Q�>C9^v
6
9L1M>�A�2hFM7:vC7*F32a>CGqB$>�<�=?6CV^13<�6
=?1M>�<�9L6
=?1M> â �f�:úCúCú<�>�132(��>CZ�2(7:9?v
6
=?1M>�<�2hJ�7:9?7gEC7*<�7:9L6
=(7*@;6C<�@�@�1Mv�13@�7*@�13<�=(>65=(9L6C13<�13<�E5@�6
=?6�2(7:=[>CGc¥
úCú�@�6
=?6;48>�13<�=?2H6C<�@�65=(7*2(=@�6
=?6[2(7:=a>CGf¥
úCú[@�6
=?6H48>�13<�=?2:_H-0/�7r¥
úCú[=(9L6C13<�13<�EX@�6
=?648>�13<�=?2m132m2?/�>�Jf<�13<�QT1ME�_3�[GI>C9X@�1oz87:9?7*<�= â _¤Q�>C9X7*6CBL/B:6C2(7C��=?/�7`4�9?>C48>�2(7*@m6CFMEC>C9L1M=?/�V 132©6
4�4�F31M7*@cZ�6C2(7*@g>�<m=?/�7Sf¨KQ;<�7:=�J�>C9?��_`yqF3Fx=?/�7a=(9L6C13<�13<�Ec@�6
=?6c48>�13<�=?2q6
9?7hA�2(7*@

−10 −8 −6 −4 −2 0 2 4 6 8 10
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

Model predictions
True function

äTå æ�ç�è Å��5Ç��rÝ�Ë��¯Ö Ï��"à2ÐnÌxË)É	�-ËÕÏ ÜxÖ Ó�ÐnÜxÎ�Ì^Ó)Î'Ò~ËÕÔ�Þ~ÌxËBÒ~Ö ßOÜxÖ ÎIÑ�Ï�ÛTÖ ÜxÝ

�� õ'÷ �Ð�Ñ2Ò�ÜÍÌxà�Ë>Ø�à�Ñ�ßOÜxÖ ÎIÑ�Ï��
6C2^=?/�7HB:6C<�@�13@�6
=(7XB$7*<�=(9?7[2(7:=��"äºw 2:�KJf1M=?/ · ´ NI¸ªNI¯?U(UWB$>�<�]2(=(9LA�B$=(7*@�A�2?13<�E�pR6CA�2?2?136C<�G&A�<�B$=?1M>�< · ´ °��TNIÃ¢¾�� ´ U�°7$u�4�â5�¼º?Ã���� ´ ºLÉ�����É
æ�_e-0/�7cJf13@�=?/���° �r132 n�u�7*@�GI>C92?13VW4�F313B:1M=��C_ °f>C=(7e=?/�6
=rZ���9?7*VW>�v�13<�E�=?/�7[i�SfjTk�13<�<�7:9FM>�>C4e>CGd=?/�7W6CFMEC>C9L1M=?/�Vg��=?/�7h4�9?>�B$7*@�A�9?7a2?13VW4�FM�m9?7*@�A�B$7*2=(>[PRQTSsJf1M=?/e�f],>C4�=?13V^6CF31M=��[6CFMEC>C9L1M=?/�V � ���,_�¹�1M=?/[v
6
9(]1M>�A�2qv
6CF3A�7*2f>CG â 6C2`@�1oz87:9?7*<�=qFM7:vC7*FÌ>CGªZ�6C@[@�6
=?6mB$>�<�@�1o]=?1M>�<�2:��=?/�7©4�9?>C48>�2(7*@^6CFMEC>C9L1M=?/�V 132dB$>�VW4�6
9?7*@WJf1M=?/rPRQTSJf1M=?/c�f],>C4�=?13V^6CF31M=��c6CFMEC>C9L1M=?/�V¤A�2?13<�E >�<�FM�WFM7*6C2(=K2?��A�6
9?7*27*2(=?13V^6
=(7*2X6C<�@�k��R\é9?7:EC9?7*2?2?1M>�<�_¤yqF3Ff>CGb=?/�7�@�7:9L1MvC7*@VW>�@�7*F32�Z�6C2(7*@r>�<HPRQTS�6CFMEC>C9L1M=?/�V /�6*vC7`=?/�7`<�A�VbZ87:9K>CGB$7*<�=(7:9L2W13<�=?/�7r9L6C<�EC7r>CG0Æxûm°D��� ü �C��_l-0/�7c9?>�>C=h>CGVW7*6C<�2?��A�6
9?7*2rN&Sf\lk�UR7:9?9?>C9L2 >CG©6X9L6C<�EC7c>CG0@�6
=?6HB$>�<�]@�1M=?1M>�<�206
9?7hF3132(=(7*@X13<H-Ì6
Z�FM7r�
_0iº=q132f2(7:7*<H=?/�6
=q=?/�7b4�9?>
]48>�2(7*@[6CFMEC>C9L1M=?/�VÕ132fVW>�2(=q9?>CZ�A�2(=f=(>m>�A�=?F31M7:9L20Jf/�7*<X=?/�7
¥



@�6
=?60B$>�<�=?6C13<�2x6
4�4�9?>*u�13V^6
=(7*FM�h�:ú.4�>�A�=?F31M7:9L2:_¢-¢>f6CBL/�1M7:vC7Z87:=(=(7:9a487:9?GI>C9LV^6C<�B$7cGI>C9h\X],7*2(=?13V^6
=(>C9L2:�d1M=a132aA�2(7:G&A�F�=(>2?F31ME�/�=?FM�a6C@��?A�2(=�=?A�<�13<�E`B$>�<�2(=?6C<�=?2ªZ87*B:6CA�2(7©=?/�7*2(7q6
9?7f2(7:=GI>C9fC¥54 7$�rB:1M7*<�B$�rJf/�7*<g@�6
=?6W132©<�>C9LV^6CF�_�yq20@�6
=?6W@�132�]=(9L1MZ�A�=?1M>�<;132rA�<���<�>�Jf<;=?/�7*2(7[v
6CF3A�7*2mB:6C<�Z87e6C@��?A�2(=(7*@v�136g1M=(7:9L6
=?1M>�<�2 6C<�@lB$9?>�2?2�],v
6CF313@�6
=?1M>�<�_^Q�>C9b=?/�7^=(9L6C13<�13<�E@�6
=?6 2(7:=�Jf1M=?/ â °�ú�13�
��=?/�7fVW>�@�7*F�4�9?7*@�13B$=(7*@h>�A�=(4�A�=TZ��A�2?13<�EX=?/�7c4�9?>C48>�2(7*@�6CFMEC>C9L1M=?/�V Jf1M=?/�-ÌA�9?�C7:��Z�132?��A�6
9?7\X],7*2(=?13V^6
=(>C9L2f132©2?/�>�Jf<X13<gQT1ME�_ ��_
5 Conclusionsi�<`=?/�132�4�6
487:9¢6C< >C9?=?/�>CEC>�<�6CF�GI>C9?JK6
9L@`9?7:EC9?7*2?2?1M>�<rN,PRQTSRUVW>�@�7*F�13@�7*<�=?1on�B:6
=?1M>�<l6CFMEC>C9L1M=?/�V /�6C2`Z87:7*<�13<�=(9?>�@�A�B$7*@�_-0/�7 >C9?=?/�>CEC>�<�6CF�GI>C9?JK6
9L@O9?7:EC9?7*2?2?1M>�<ÂN,PRQTSRUL�l>CGI=(7*<Z�6C2(7*@�>�<�=?/�7XVW>�@�1on�7*@�pq9L6CVh]�k�BL/�V^13@�=a4�9?>�B$7*@�A�9?7C�d1326C<g7$�rB:1M7*<�=fVW7:=?/�>�@g13<�B$>C9?48>C9L6
=?13<�EW2(=(9LA�B$=?A�9?7`2(7*FM7*B$=?1M>�<6C<�@e4�6
9L6CVW7:=(7:9b7*2(=?13V^6
=?1M>�<�2?13VaA�FM=?6C<�7:>�A�2?FM�C_W-0/�7h4�9?>
]48>�2(7*@�6CFMEC>C9L1M=?/�V 13<�B:F3A�@�7*2r\X],7*2(=?13V^6
=(>C9HZ���A�2?13<�E�6C<1M=(7:9L6
=?1MvC7a9?7$],J�7*1ME�/�=(7*@lFM7*6C2(=`2?��A�6
9?7*2hNIi�SfjTk�U06CFMEC>C9L1M=?/�V13<�<�7:9dFM>�>C4^Z�6C2(7*@^>�<W=?/�7qVW>�@�1on�7*@^pq9L6CVh]�k�BL/�V^13@�=�4�9?>
]B$7*@�A�9?7C_T�f],>C4�=?13V^6CF31M=�� 6C2T6qVW>�@�7*F�2(=(9LA�B$=?A�9?7ª9?>CZ�A�2(=?<�7*2?2B$9L1M=(7:9L1M>�<l132 A�2(7*@l13<�VW>�@�7*F�2(7*FM7*B$=?1M>�<�_^i�<l=?/�132`V^6C<�<�7:9=?/�7^4�9?>C48>�2(7*@�6
4�4�9?>�6CBL/�7$u�=(7*<�@�2 =?/�7cA�2(7^>CG©=?/�7mPRQTS6CFMEC>C9L1M=?/�V GI>C9K4�6
9L2?13VW>�<�1M>�A�2�VW>�@�7*F�2(=(9LA�B$=?A�9?7q@�7:=(7:9LV^1o]<�6
=?1M>�<^7:vC7*<r13<WZ�6C@^@�6
=?6bB$>�<�@�1M=?1M>�<�2�v�136`=?/�7q@�7:9L1Mv
6
=?1M>�<>CGd4�6
9L6CVW7:=(7:9`\X],7*2(=?13V^6
=(>C9L2RJf1M=?/[13<�/�7:9?7*<�=09?>CZ�A�2(=?<�7*2?2=(>^>�A�=?F31M7:9L2:_
���� "!$#"%'& (�)+*,(�-.(�!0/21'35476�8:9;3 |~}�<>=~} 6"9;4 z 85? ? @A6CB�D�E |"F ? 4HG = 49;306"9JI06 } 9 |'z 9;35K <LF>|~} D F 6 <L< 85I5I |~} 9;4HGNM�@PORQ�S:TVU�K EN9;354W�XJY

Z (\[�(�];(�!$��(_^i k y UR354+E`S Y a5b K ? ? K E =,< S Y cdY a 6�E0G�ef8 |Lg YRh } 9;3 |C=~| E06�?0? 4H6 < 9
<;i 806 } 4 <Rj 4�9;3 | G < 6�E0G.9;354+K } 6�I5I5? KkB+6"9;K | E < 9 | E | E:lm? K E54H6 }
< @ < 9;4 j KkG:4+E,9;K n�B+6"9;K | E Ypo !0/q(�]_!$r"/ts\#"!$r"&vu:#"w:]_!$r"&x#�[�yz#"!0{/t];#"& a5| | ? Y0} � a kI�C~~� a I5I Y kH~��"����kH~~�C� Yi � y UR354+E7S Y a g 8�� Y a 6�E0G�ef85D b�Y e Y U |Cj M5K E54HG = 4+E54�9;KkB6�? =~|~} K 9;3 j | I:9;K j K �H6"9;K | EA6�E0G } 4 = 85?k6 } K �+4HG |~} 9;3 |C=~| E06�?? 4H6 < 9 <;i 806 } 4 < ? 4H6 } E5K E =/ze|~}�} 6CG:Kk6�?�M06 < K <�z 85E0B_9;K | E�E54�9�l
F>|~} D < Y�o;�z�z��� ];r"!5^+�	#"!��	(�w:];r"&'�	(�/t%R#"]; �^ a�| | ? Y k � akI�~�~� a I5I Y k����~����k��"�,� Yi � y.��| E =�� Y 6�E0G � 6 }O} K < U Y �0Y�� | E5? K E54H6 }`j�| G:4+? < 9 } 80B_l9;8 } 4�G:4 < K = E�6�E0GPB | E < 9 } 80B_9;K | EN8 < K E =0|~} 9;3 |C=~| E06�?z? 4H6 < 9
<;i 806 } 4 < 6�E0G.�Vl | I:9;K j 6�? K 9�@JG:4 < K = E Yfo;�z�z��� ];r"!5^+rC��/ts\#"!5^#"!��	(�w:];r"&5�	(�/t%R#"]; �^ a�| | ? Y kH� b } f a � �~� k a I5I Y k��"� } ��k�� } � Y

i � y.� 85M�4 } Q Y �0YzZ #C��w�^_/z��/qr"/tsk^_/ts\�_^ Yx�0Y g K ? 4+@ a kI�C~5k Yi } y U | E5E |~} �0Y 1 Y 6�E0G�� Y � 6 } 9;K E�T Y T�4HB�8 }O} 4+E,9�E54+8 } 6�?fE54�9�l
F>|~} D < 6�E0G }O| M58 < 9�9;K j 4 < 4 } K 4 < I } 4HG:KkB_9;K | E Y5o;�z�z� � ];r"!5^_{rC��/ts\#"!5^d#�[V�	(�w:];r"&0�	(�/t%R#"]; �^ a:| | ? Y5} b � f a kI�~��� a I5I Y �"� � �
� } � Yi � y UR354+E �0Y � Y a UR354+E�U Y S Y a 6�E0G�UR354+EJ� Y S Y¢¡ 6 < 9�6�? =~|~} K 9;3 jze|~}é}O| M58 < 9�9;4 j I5?k6"9;4 j 6"9�B�35K E =�F K 9;3 � lm4 < 9;K j 6"9 |~}�< Yo;�z�z�£� ];r"!5^+��#"!P��s *�!$r"&v¤�];#H��(_^�^_s¥!�* a¦| | ? Y�} k b k f a � �~� � aI5I Y ��� � �5�"�,� Yi � y.� 6 j �H6 cdY b�Y a,X } K j�� Y a 6�E0G W E06�?0§ Y b�Y�W E5K z @�K E = I }O| M:l6�M5K ? K < 9;KkBz6�E0G | 6 } Kk6"9;K | E06�?�4 < 9;K j 6"9;K | E Y�o;�z�z� ��s *�!$r"&C¤�];#"{��(_^�^_s¥!�*�¨�r+*,rH©�s¥!$( a¢| | ? Y kI� b S�4+I:9;4 j M�4 }Bf a � �~� � a I5I Y ���+�
�:� Yi ~ y.� 6 }O} K < U Y �0Y a ��| E =>� Y a 6�E0G�§p6�E7ª Y ��)Cr;«$/ts¥¬"(`¨�#H)"{(�&¥& s¥!�*" � ^_/ts¥-.r"/ts\#"!�r"!$)�®¢w�^_s\#"!¯[�];#"-±°Lr"/qrC²	�A�	(�w:];#"{
[�w,©�©�³L�R«C«$];#HrC��´ Y S�I } K E = 4 } lmµx4 } ?k6 = a � �~� � Yi � y b }O|"F E �PY 6�E0G � 6 }O} K < U Y �0Y �	(�w:];#�[�w,©�©�³���)Cr;«$/ts¥¬"(�¨�#H)"{(�&¥& s¥!�*¯r"!$)�yz#"!0/t];#"& Y Q } 4+E,9;KkB�4 � 6�? ? a � 4 j 4+? � 4 j I < 9;4H6CG akI�~��� Yi k � y.��| E =¶� Y a:b }O|"F E �PY a UR354+E�S Y a 6�E0G � 6 }O} K < U Y �0Y S�I06 }�< 4
j�| G:4+?�KkG:4+E,9;K n�B+6"9;K | E.8 < K E =�|~} 9;3 |C=~| E06�? ze|~};F 6 } G } 4 =~} 4 < l
< K | E F K 9;3�M06 < K < I58 }�< 85K 9�6�E0G`�Vl | I:9;K j 6�? K 9�@ Y�o;�z� ¤�];#H�H�{�yz#"!0/t];#"& � ´5(�#"]_³¯r"!$)¶�R«C«$& s\��r"/ts\#"!5^ a5| | ? Y k } k b � f a � �~� � aI5I Y ���5k_�����C~ Yi k~k y UR354+E�S Y a ��| E =.� Y a 6�E0G � 6 }O} K < U Y �0Y S�I06 }�< 4¶DC4 } E54+? } 4�l
=~} 4 <;< K | E j�| G:4+? ? K E = 8 < K E = B |Cj M5K E54HGd? | B+6�? ? @ } 4 = 85?k6 } K < 4HG|~} 9;3 |C=~| E06�?J? 4H6 < 9 <;i 806 } 4 < 6�E0G��Vl | I:9;K j 6�? K 9�@�4�·:I�4 } K l
j 4+E,9�6�?zG:4 < K = E Y�o;�z�z�£� ];r"!5^+��#"!>��w:/q#"-.r"/ts\�`yz#"!0/t];#"& a
| | ? Y �,~ b � f a � �~� � a I5I Y k � �'����k � �C� Yi k�� y.��| E =�� Y a � 6 }O} K < U Y �0Y a UR354+E¸S Y a 6�E0G7S�306 } DC4+@�Q Y �PYT | M58 < 9�E | E5? K E54H6 }�j�| G:4+?pKkG:4+E,9;K n�B+6"9;K | E j 4�9;3 | G < 8 < lK E =Hze|~};F 6 } G } 4 =~} 4 < K | E Y¸o;�z�z�¹� ];r"!5^+rC��/ts\#"!5^º#"!���³�^_{
/q(�-	^�$¨�r"!5¦r"!$)Lyv³C��(�]_!$(�/ts\�_^�$¤�r"]_/$� a+| | ? Y �C� b � f a � �~� � aI5I Y�} k+�"� } ��� Yi kH� y c 9;D�K E <g| E cdY U Y 6�E0G¶� | E54 |¶cdY �dY¦» «$/ts¥-Lw:- �x¼ «0(�]_s¥-.(�!0{/qr"&�°L(_^_s *�!5^ Y UR?k6 } 4+E0G | E�Q } 4 <;< a0h · ze|~} G a kI�~�,� Yi k+� y.��| E =L� Y 6�E0G`UR354+E`S Yx� lm4 < 9;K j 6"9 |~} 6�E0G��Vl | I:9;K j 6�? K 9�@
j�| G:4+?¦B | E < 9 } 80B_9;K | E`8 < K E = |~} 9;3 |C=~| E06�? ze|~};F 6 } G } 4 =~} 4 < l
< K | E Y�o;�z�z�½� ];r"!5^+�V��³�^_/q(�-	^�d¨�r"!�r"!$)¾yv³C��(�]_!$(�/ts\�_^�
¤�r"]_/z¿ a5| | ? Y � } b k f a � �~� � a I5I Y k }C} ��kH�,� Y

¦


