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Abstract

Based on a lower bound stability measure for sampled-
data controller structures subject to finite-word-length
(FWL) constraints, the optimal realization of the dig-
ital PID controller with FWL considerations is formu-
lated as a nonlinear optimization problem. An efficient
strategy based on adaptive simulated annealing (ASA)
is adopted to solve this complex optimization problem.
A numerical example of optimizing the finite-precision
PID controller for a steel rolling mill system is used to
demonstrate the effectiveness of the proposed method.

1 Introduction

Controller implementations with fixed-point arithmetic
offer the advantages of speed, memory space, cost and
simplicity over floating-point arithmetic. However, a
designed stable closed-loop system may become unsta-
ble when the infinite-precision controller is implemented
using a fixed-point processor due to FWL effects. In
recent years, many results have been reported in the
literature, addressing FWL issues [1]-[9]. It remains an
unsolved problem to compute the exact stability robust-
ness measure for obtaining realizable digital controller
design with FWL effects [2]. To overcome this problem,
a tractable lower bound stability measure has been de-

rived [6],[7].

Based on this lower bound stability measure, the opti-
mal realization of the digital PID controller under FWL
constraints can be solved as a nonlinear optimization
problem with four variables {8],[9]. The optimization
criteria are however nonsmooth and nonconvex func-
tions, and conventional optimization methods may fail
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to obtain an optimal solution. To overcome this diffi-
culty, we propose to use an efficient global optimization
method, called the ASA [10]-[13], to search for a true
optimal PID controller realization. The effectiveness of
the proposed optimization strategy is illustrated by the
example of a steel rolling mill control problem.

continuous
(s) time plant )
e(s Ky
P(s) X
e(z) ¥(z)
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hold digital sampler
device controller  (period h)

Figure 1: Sampled-data control system.

2 Stability robustness measures

Consider the sampled-data system depicted in Fig. 1,
where P(s) is strictly proper. The plant P(z) =
SuP(s)Hy has a state-space description (A4,, B;,C;,0)
with 4, € R™*™ B, € R™ ! and C, € RI*™,
The controller C(z) has a state-space description
(Ac, B, Ce, D) with A, € R™" B, € R™9, C, €
R™" and D, € R™?. We will refer to (4., B, C., D)
as a realization of C(z). The realizations of C(z) are not
unique. If (A, B, C., D.) is a realization of C(z), so
is (T7'A.T,T7'B.,C.T, D.) for any similarity trans-
formation 7 € R™*". The transition matrix of the
closed-loop system is given by:
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_Az0+Bz0 D, C. c. 0
“[ 0 0 0 I, B, A, 0 In

:MO+M1XM2) (1)
where the controller matrix
| D Ce
£ = [ B, A, ]
41 T Pg+4n

Pg+n+1 P2(g+n)

- 3 3 )

P(i+n-1)(g+n)+1 P(14n)(g+n)
When (Ae, Be,Ce, D) is implemented using a finite-
precision processor, X is perturbed to X + AX with

Apy ce qu+n

AX = APQ‘.F"--*-l A1’2('q+n)

AP@4n—-1)(g+n)+1 AP(i4n)(g+n)

To see when the round off error will cause the closed-
loop system to become unstable, define

Ho(X) = mf{p(AX) A(X + AX) is unstable}, (4)

where

WAX)E | max . |And ®)
and N = (I +n)(g +n). ug(X ) is a stability robustness
measure of the controller realization X with FWL con-
siderations [6],[7]. However, how to compute po(X) is
still an unsolved problem. To overcome this difficulty,
a lower bound of po(X) has been introduced as [7]

-]
X)= 6
pa( ) tE{l, ,m+n} Z lg;‘ , (6)

where {)\;,i = 1,---,m+n} are the eigenvalues of A(X).
p1(X) can be computed easily as [7]

where x; is a right eigenvector related to A; and y; is
the corresponding reciprocal left eigenvector.

Let B™" be the minimal word length that can guaran-
tee the closed-loop stability. We can calculate a Bmin
based on p;(X) as a super estimate of B™™. Further-
more, there are different realizations for a given C(z)
and p1(X) is a function of the realization. We can
search for a realization that maximizes p1(X). Such a
realization will be referred to as an optimal realization
in the sense that it has maximum stability robustness to
FWL effects. The controller implemented with an op-
timal realization means that the stability of the closed-
loop system is guaranteed with a minimum hardware
requirement in terms of word length.

3 Optimal realization of PID
controller structures

We assume that C(z) is a physically realizable non-
interacting PID controller. Let an initial realization of
C(z) be (A2 € R?*2 B? € R?*!,C? € R'*?, DY € R).
Then the initial controller matrix is

D? C°] 3
Xo = ¢ GRXS 8
NED ®

Any realization of C(z) can be represented as

x=[p L)%y 1] ©

where 7 € R?*? and det(7) # 0. For the complex-
valued matrix

My -+ Mg
Mm,l an

)

define the norm
A m n
I PED DML (11)
i=1j=1

The optimal realization of the digital PID controller is
the solution of the following optimization problem:

v =maxm(Xr) =

824 ... BAi

op, OPg4n

3% 3V
Qﬁi = Patntt Bacatm min max [ 1 OT ]<I>,- [ 1 (ET ] l ,
X . det(T)#0ie{1,m+2} |L 0 7 0 7 .

8x; 8 (12)

BP(t4n—1)(g4n)+1 3P 1 4n)(a+n) where
S -
= Miry* TM2 s (7) 1- "\?‘ 0X X=Xo
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and {)\?,i=1,---,m+2} are the eigenvalues of A(Xp).

The following theorem shows that (12) can be solved by
solving the two “simpler” optimization problems [8],[9].

Theorem. Let

v = min fl(may: w)r (14)
z€(0,40)
y€(—o00,+00)
we€(0,+00)
where
= i 1
fl(z)y?w) ie{lT?f(n+2}|IF “a ( 5)
and
w 0 0 é 0 0
I; = 0 =z 0|9 0 % 0 (16)
0 ¥ —;— 0 -y =
Let
Ve = min fg(m,y,u,w), (17)
z€(—00,4e0)
y€(—00,400)
4€(0,+00)
w€(0,400)
where
= i 1
fz(z,y,u,w) ie{lT?ﬁ-{-?} "A’”s ( 8)
and
w 0 0 ;1; 0 0
A= 0 T u | ¥ 0 Yy —u (19)
0 rgl;-l y 0 1—;‘::1 z
Then
v = min{y, 12}. (20)

Specifically, if ¥ = v1 and (@opt1, Yopt1, Wopt1) is the so-
lution of (14), the solution of (12) is given as:

1 O] O]
[ Zoptl Y ptl ] . (1)

Wopt1 0

7-c:p': =

Toptl

If v = vy and (Zopt2, Yopt2, Yopt2, Wopt2) is the solution
of (17), the solution of (12) is given as:

Topt2Yopt2—1
,Topt = 1 [ Topt2 Uopt2

} . (22)

Wopt2 Uopt2 Yopt2
The optimization problems (14) and (17) are highly
complex and difficult. A conventional optimization
method can only search for local optimal solutions. In
order to obtain a global optimal solution, global opti-
mization methods are required.

4 Adaptive simulated annealing

The ASA is an efficient algorithm for solving the follow-
ing general constrained optimization problem:

n"l”i,nJ(W) (23)
subject to
Li<w; <Ui, i=1,---,ny, (24)
and
aj <gj(w)<bj, j=1,---,my, (25)

where w = [w; - - -wy,,]7 is the parameter vector. Fig. 2
shows the flow chart of ASA. Detailed description of the
algorithm can be found in [10]-[13].

Initialisation

F——1N ~

generate a new w|
accept or reject w]

\Y
Inner loop

Reannealing §'
e
£
o
P
Temperature
annealing
7/

Figure 2: Flow chart of ASA.

The ASA has several important advantages. It can find
a global minimum solution, uses only the value of the
cost function in the optimization process, is very simple
to program, and has very few algorithm parameters that
require tuning. The algorithm is very efficient because
it uses a very fast annealing schedule and employs a re-
annealing scheme to adapt itself. These features makes
the ASA an ideal method for solving the optimization
problems (14) and (17).

5 A numerical example

The approach is applied to design the optimal PID con-
troller for a steel rolling mill system. The continuous-
time plant model P(s) is given in [14]. Discretizing P(s)
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with the sampling period k = 0.001 yields P(z):

0.9951 —9.7260  0.0049
A, = | 0.0010 0.9884 —0.0010
0.0067 13.3732  0.9933
0.2486
0.0001 |, C, =[100]. (26)
0.0006

A stabilized PID controller for vibration suppression
and disturbance rejection is designed and the digital
PID controller is given by

0.01426  1.1956
Clx)=-——1 ~T—ogp3 T 112 (20)

The initial realization of C(z) is set to

0 1 0 0 _ —1
Ae [0 0.3333]’ BC_[—I]’

c? [0.01426 1.1956], D? = [1.3512]. (28)

From A(Xy), the poles of the ideal closed-loop system
can be computed and are given as:

A1 0.9089 + 0.2371:
das | =] 0.9431+0.0725 |,  (29)
s 0.9422

where i = y/—1. The corresponding eigenvalue sensitiv-
ity matrices are:

5.3222 4+ 2.4117¢ 16.3783 F 16.1509¢
@, = —0.2336 + 0.2303: 0.5165 + 1.18354¢
7.6870+ 8.1766: 40.9014 F 16.6993:
—6.4294 T 6.8389:
0.4878 % 0.1992¢ |,
—6.4145 T 16.84861
0.6130 £ 6.0505¢ 55.7394 £ 35.2729:
®34 = —0.7948 + 0.5030: —9.6135+ 3.4161:
—0.2065 1+ 11.8384: 99.6482+ 81.0121¢
0.1727 % 9.9017:
1.1885+ 0.9662: | ,
2.6112F 19.1031:
~8.0215 —138.6951 13.1745
P = 1.9718 34.1969 —3.2483 | . (30)
—15.7514 -272.3494 25.8702

For the optimization problem (14), starting from a
variety of the initial points (z,y,w), the ASA algo-
rithm always converged to the solution: zopc; = 2.3704,
Yopt1 = 3.3598 and wept1 = 0.2004 with v; = 136.5897.
The corresponding realization is

1.3512 0.1687 2.7560
Xopt1 = 0.5888 1 0.9450 (31)
—0.4750 0 0.3333

The evolution of the cost function fi(z, y, w) in a typical
run is shown in Fig.3 (a). It is worth pointing out that
in the previous study [8] a conventional optimization
method, the Rosenbrock algorithm, failed to find this
global optimum. Instead, a local minimum with v; =
148.1432 was found.

For the optimization problem (17), two solutions were
found by the ASA, and they are:

a) =, = 27967, (1), = 0.1540, u}), = 0.3512,
wlh), = 0.2565, vz = 111.9901 with
13512 1.7925  0.6277
X5, = | —0.4553  0.6204 —0.1664 |; (32)
—0.6273 —0.6548  0.7129

b) 20, = —3.0481, 32, = —0.1868, u{l), = 0.2895,
u(2), = 0.4824, v, = 111.9899 with

X(Q)

opt2 —

1.3512 0.6274 -0.5069
—0.6274 0.7129  0.1852 (33)
1.6101 0.5883  0.6204
The evolution of the cost function fa(z,y, 4, w) in a typ-
ical run is shown in Fig.3 (b).
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Figure 3: Typical convergence performance of the
ASA in optimizing: (a) cost function fi(z,y,w)
with initial (z,y,w) = (1.0,0.0,1.0) and (b) cost
function fo(z,y,u,w) with initial (z,y,u,w) =
(1.0,1.0,1.0,1.0).
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Since v = min{vy, v2} = vy, the optimal PID controller

realization is either Xéll)zz or Xc(,22. Table 1 summa-
rizes the stability lower bound measures, estimated min-
imal bit lengths and true minimal bit lengths that can
ensure closed-loop stability for different controller re-
alizations, where X; and X, are the two non-optimal
realizations corresponding to (z,y,w) = (1.0,0.0,1.0)
and (z,y,u,w) = (1.0,1.0,1.0,1.0), respectively. The

largest absolute parameter value is 1.6101 for X((Jizz,

and 1.7925 for Xc()}l)22' For practical implementation,

therefore, Xc(,f,zf_; is preferred over Xﬁﬁz-

Table 1: Lower stability bounds, estimated minimal
bit lengths and true minimal bit lengths for different
controller realizations.

Realization 11 Bmin Bmin
X, 0.001900 10 7
Xopt1 0.007321 9 4
X, 0.000716 11 8
x, 0.008929 7 4
x2, |o0008929| 7 4

6 Conclusions

Based on a lower bound measuring stability robustness
of sampled-data systems with FWL considerations, the
optimal realization of finite-precision PID controller can
be interpreted as a nonlinear optimization problem. An
efficient global optimization strategy based on the ASA
has been developed to solve this FWL optimal realiza-
tion problem. The theoretical results have been verified
using a numerical example of the digital PID controller
realization for a steel rolling mill system.

The results presented at this paper can be extended
to high-order controllers, Ongoing work will also ex-
plore the integration of the proposed optimization pro-
cedure with the closed-loop controller performance and
the sparseness consideration of optimal controller re-
alizations. The ASA algorithm will offer an effective
means for solving such a multi-objective constrained op-
timization problem.
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