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Communiation Group S ChenOverview of Regression� Bayesian learning framework, maximum a posteriori (MAP)? type-II maximum likelihood or evidene proedure? Markov hain Monte Carlo sampling? variational learning method� Kernel-based data modelling? support vetor mahines (strutural risk minimisation)? relevane vetor mahines (individual hyperparameters)� Parsimonious priniple, subset model seletion? OLS: signi�ane of individual seleted terms) OLS with individual regularisation to enfore sparsity.
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Communiation Group S ChenRegression Model

y(k) = ^y(k) + e(k) = nMXi=1 �i�i(k) + e(k); 1 � k � N

y(k): target or desired output, e(k) = y(k)� ^y(k), ^y(k): model output,�i: model weights, �i(k): regressors, nM : number of andidate regressors,N : number of training samples. De�ningy = [y(1) � � � y(N)℄T ; e = [e(1) � � � e(N)℄T ; � = [�1 � � � �nM ℄T

� = [�1 � � ��nM ℄ with �i = [�i(1) � � ��i(N)℄Tleads to matrix form y = �� + e
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Communiation Group S ChenOrthogonalisation

Orthogonal deomposition: � =WA, where

A = 2664 1 a1;2 � � � a1;nM0 1 . . . ...... . . . . . . anM�1;nM0 � � � 0 1
3775

and W = [w1 � � �wnM ℄ with orthogonal olumns: wTi wj = 0, if i 6= j.Regression model beomes y =Wg + ewith orthogonal weight vetor g = [g1 � � � gnM ℄T satisfyingA� = g 4



Communiation Group S ChenLoally Regularised Regression

Given regularisation parameter vetor � = [�1 � � ��nM ℄T and denoting � =diagf�1; � � � ; �nMg, loally regularised error riterion:

JR(g;�) = eTe+ gT�g = yTy � nMXi=1 �wTi wi + �i� g2i

� Forward-regression proedure selets signi�ant regressors aording toregularised error redution ratio due to eah regressor wi[rerr℄i = �wTi wi + �i� g2i =yTySeletion terminated with ns-term sub-model at the ns-th stage when

1� nsXl=1[rerr℄l < �
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Communiation Group S ChenRegularisation Parameter Update

� Based on Bayesian evidene proedure, iterative loop for updatingregularisation parameters:
�newi = oldiN � oldeTeg2i ; 1 � i � nMwhere

i = wTi wi�i +wTi wi and  = nMXi=1 iSpeial ases of this LROLS |? Original OLS: �i = 0, 8i? UROLS: �i = �, 8i 6



Communiation Group S ChenA Simple ExampleModelling f(x) given y = f(x) + � and x. 100 x uniform distribution in(0; 1) and � zero mean Gaussian with variane 0.16.The RBF Gaussian kernel funtion with variane of 0.04. Eah training datawas onsidered as a andidate RBF enter and nM = 100.
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Communiation Group S Chenstage l auray 1�P[err℄l weight �l1 0.6461718264 2.60935e+062 0.2840641827 -2.28370e+063 0.2416057207 -1.29831e+084 0.2260673781 -2.21722e+095 0.2189319619 3.63027e+086 0.2179112365 1.66438e+097 0.2169210404 -3.19282e+098 0.2156145110 1.70011e+09 OLS9 0.2135190658 4.06932e+09 Seletion10 0.2113153903 -1.94658e+0911 0.2108713704 -2.72236e+0812 0.2095033180 -4.28658e+0713 0.2093349973 5.60372e+0614 0.2091282455 -1.59224e+0615 0.2068241235 3.83400e+05stop due to no term seleted at 16 stageMSE over noisy training set: 0.147430
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Communiation Group S ChenOLS Modelling Result
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15-term model mapping (urve) produed by the OLS algorithm for thesimple salar funtion modelling problem. Dots indiate noisy training datay and irles the RBF enters.
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Communiation Group S Chenstage l auray 1�P[rerr℄l weight �l1 0.6490143575 1.62388e+002 0.2908595802 -2.28935e+003 0.2508542689 -8.48791e-014 0.2361130705 8.22056e-015 0.2322792890 1.03731e+006 0.2312755537 -3.73154e-017 0.2312749762 3.01529e-02 UROLS8 0.2312737869 -1.51268e-02 Seletion9 0.2312736479 -5.40054e-0310 0.2312736475 3.76698e-0411 0.2312736474 9.55162e-0512 0.2312736474 -1.27653e-0513 0.2312736474 -2.25256e-07stop due to no term seleted at 14 stageMSE over noisy training set: 0.156678regularization parameter �: 3.09037e-01
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Communiation Group S ChenUROLS Modelling Result
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12-term model mapping (urve) produed by the UROLS algorithm for thesimple salar funtion modelling problem. Dots indiate noisy training datay and irles the RBF enters.
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Communiation Group S Chenstage l auray 1�P[rerr℄l weight �l regularizer �l1 0.6485054202 1.87494e+00 2.53227e-012 0.2887313702 -1.70014e+00 1.81540e-013 0.2500895914 -1.00970e+00 2.01490e-014 0.2349327688 5.67310e-01 8.64601e-015 0.2336724743 4.17979e-01 1.36357e+006 0.2332827490 -1.51352e-01 6.93984e-01 LROLS7 0.2332827490 -9.49873e-10 5.67623e+07 Seletion8 0.2332827490 -2.79967e-10 1.11770e+089 0.2332827490 7.14157e-11 1.03860e+0710 0.2332827490 -2.05313e-12 1.92708e+0811 0.2332827490 -1.32386e-13 7.85977e+0812 0.2332827490 2.29641e-14 4.09979e+0813 0.2332827490 -2.53260e-38 1.15132e+32stop due to no term seleted at 14 stageMSE over noisy training set: 0.159167
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Communiation Group S ChenLROLS Modelling Result

-2-1
01

2
0 0.2 0.4 0.6 0.8 1

f(x)

x
Trainingrrr rrr

rr rr
rr rr

rr
rrr r r rr rr rrr

r rr

rr r rr rr
r r

rr r r

r rrr rr

r rr rrr

rr rrr rr r r r
r r

r rrrr

rr r

r r
rrr rr rr

r

rrr
r rr

r

rr

rr r rr rnetworkRBF entere ee eee e

6-term model mapping (urve) produed by the LROLS algorithm for thesimple salar funtion modelling problem. Dots indiate noisy training datay and irles the RBF enters.

13



Communiation Group S ChenConlusions

� Parsimonious priniple based subset model seletion? OLS algorithm selets signi�ant model terms� Loal regularisation re-enfores sparsity of seleted model? When to terminate subset model seletion beomes obvious� Combined algorithm is very eÆient and apable of produing small-sizemodels that generalize well
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