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Communiation Group S ChenMotivationModelling from data: generalization, interpretability, knowledge extration=) all depend on ability to onstrut appropriate sparse models Parsimonious priniple: subset model seletion? OLS: signi�ane of individual seleted terms Bayesian learning: maximum a posteriori (MAP)? Bayesian framework: hyperparameters/regularization to enfore sparsity Optimal experimental designs: optimizing model robustness? D-optimality design: maximizing determinant of design matrix

� OLS with individual regularization and D-optimality design
2Communiation Group S ChenRegression Model

y(k) = ^y(k) + e(k) = nMXi=1 �i�i(k) + e(k); 1 � k � Ny(k): target or desired output, e(k) = y(k)� ^y(k), ^y(k): model output,�i: model weights, �i(k): regressors, nM : number of andidate regressors,N : number of training samples.De�ningy = [y(1) � � � y(N)℄T ; e = [e(1) � � � e(N)℄T ; � = [�1 � � � �nM ℄T� = [�1 � � ��nM ℄ with �i = [�i(1) � � ��i(N)℄Tleads to matrix form y = �� + e
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Communiation Group S ChenOrthogonalization

Orthogonal deomposition: � =WA, where

A = 2664 1 a1;2 � � � a1;nM0 1 . . . ...... . . . . . . anM�1;nM0 � � � 0 1
3775

and W = [w1 � � �wnM ℄ with orthogonal olumns: wTi wj = 0, if i 6= j.Regression model beomes y =Wg + ewith orthogonal weight vetor g = [g1 � � � gnM ℄T satisfyingA� = g 4



Communiation Group S ChenLROLS Regression with D-Optimality Design

Given regularization parameter vetor � = [�1 � � ��nM ℄T and denoting � =diagf�1; � � � ; �nMg, and D-optimality weighting �, ombined error riterion:JC(g;�; �) = eTe+ gT�g � � log det �WTW�

= yTy � nMXi=1 ��wTi wi + �i� g2i + � log �wTi wi��� Forward-regression proedure selets signi�ant regressors aording toombined error redution ratio due to eah regressor wi[err℄i = �wTi wi + �i� g2i + � log �wTi wi�yTySeletion terminated with ns-term sub-model at the ns-th stage when[err℄l � 0 for ns + 1 � l � nM 5

Communiation Group S ChenRegularization Parameter UpdateBayesian evidene proedure for updating regularization parameters:

�newi = oldiN � oldeTeg2i ; 1 � i � nM

i = wTi wi�i +wTi wi and  = nMXi=1 iIterative ProedureInitialization. Set all �i to same small positive value (e.g. 0.001). Set � > 0.Step 1. Given urrent �, orthogonal forward proedure selets ns-term subset model.Step 2. Update �. If � remains suÆiently unhanged in two suessive iterations or apre-set maximum iteration number is reahed, stop; otherwise go to Step 1.� Step 1 termination automatially, insensitive to � value� Very sparse models with exellent generalization, without ostly ross validation
6Communiation Group S ChenA Simple Salar Funtion ModellingModelling f(x) given y = f(x) + � and x. 100 x uniform distribution in(0; 1) and � zero mean Gaussian with variane 0.16.The RBF Gaussian kernel funtion with variane of 0.04. Eah training datawas onsidered as a andidate RBF enter and nM = 100.
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Communiation Group S ChenModelling Using LROLS with D-Optimality DesignD-optimality number variane over noise variane over noise-freeweighting � of terms training data testing data10�8 6 0.15766 0.0016810�7 6 0.15766 0.0016810�6 6 0.15823 0.0020210�5 5 0.15705 0.0019410�4 5 0.15826 0.0024610�3 5 0.15705 0.0019410�2 5 0.15705 0.0019410�1 5 0.15911 0.00223

� Insensitive to D-optimality ost weighting �� Sparser model with equally good generalization performane, omparedwith using LROLS alone (6 terms)
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Communiation Group S ChenSimple Salar Funtion Modelling Result
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5-term model mapping (urve) produed by the ombined LROLS and D-optimality algorithm with � = 10�5 for simple salar funtion modellingproblem. Dots indiate noisy training data y and irles the RBF enters.
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Communiation Group S ChenSimulated Nonlinear Time Series Modelling

yk = �0:8� 0:5 exp(�y2k�1)� yk�1 � �0:3 + 0:9 exp(�y2k�1)� yk�2+ 0:1 sin(�yk�1) + �kNoise �k Gaussian with zero mean and variane 0.09. 1000 samples, �rst 500 for training(�gure below), last 500 for testing.
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10Communiation Group S ChenModelling Using LROLS with D-Optimality DesignRBF model ^yk = fRBF (yk�1; yk�2) with Gaussian kernel funtion of variane0.81. D-optimality number variane over variane overweighting � of terms training data testing data10�6 19 0.09275 0.0963510�4 13 0.09311 0.0960710�2 13 0.09338 0.09750100 13 0.09395 0.09667

� Insensitive to D-optimality ost weighting �� Sparser model with equally good generalization performane, omparedwith using LROLS alone (18 terms, 0.09264, 0.09678)
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Communiation Group S ChenNonlinear Time Series Modelling Result
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Comparison of underlying noise-free system yd;k and iterative RBF model output^yd;k = fRBF (^yd;k�1; ^yd;k�2)13-term model produed by ombined LROLS and D-optimality algorithm with � = 10�4
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Communiation Group S ChenEngine Data ModellingSystem input uk and output yk
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Communiation Group S ChenModelling Using LROLS with D-Optimality DesignD-optimality number variane over variane overweighting � of terms training data testing data10�8 22 0.000459 0.00048810�7 27 0.000442 0.00048410�6 25 0.000441 0.00047910�5 22 0.000452 0.00049910�4 20 0.000586 0.00060610�3 20 0.000478 0.00050110�2 16 0.000884 0.00098210�1 12 0.004951 0.005050

� Insensitive to a wide range values of D-optimality ost weighting �� Sparser model with equally good generalization performane, omparedwith using LROLS alone (34 terms, 0:000435, 0:000487)

14Communiation Group S ChenEngine Data Modelling Resultyk: solid ^yk: dashed
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Communiation Group S ChenEngine Data Modelling Resultyk: solid ^yd;k: dashed
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Combining loally regularized orthogonal least squares with D-optimalityexperimental design | a state of art model onstrution algorithm� EÆieny ensured as usual by orthogonal forward regression� Coupling e�ets of loal regularization and D-optimality design furtherenhane eah other, and ombined algorithm is apable of produingsmall-size models that generalize well� User only needs to speify D-optimality ost weighting �, and modelonstrution is automati, without need of ostly ross validationValue of � does not ritially inuene performane, and it an be hosenwith ease from a large range of values
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