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Communiation Group S ChenMotivations and BakgroundFinite preision ontroller implementation an seriously inuene losed-loopperformane.� Two types of �nite word length errors: roundo� errors in arithmetioperations { ontroller signal errors, and ontroller oeÆientrepresentation errors { ontroller parameter errors.This work is onerned with FWL ontroller parameter errors, whih haveritial inuene on losed-loop stability.� Two strategies: diret and indiret.This work adopts an indiret approah.� We present a novel searh algorithm for global solutions to an existingoptimal �nite preision ontroller realization problem.

2Communiation Group S ChenProblem De�nition� Plant: P (z) � (AP ;BP ;CP ); AP 2 Rm�m,BP 2 Rm�l,CP 2 Rq�m.� Controller: C(z) � (AC;BC;CC;DC); AC 2 Rn�n, BC 2 Rn�q,CC 2 Rl�n, DC 2 Rl�q.Denote an initially designed ontroller realization as X0 and a generirealization X. Let A(X) be the losed-loop transition matrix with X.� Controller realization setSC 4= �X : AC = T�1A0CT;BC = T�1B0C;CC = C0CT;DC = D0C	where T 2 Rn�n is an arbitrary non-singular matrix� All X 2 SC are equivalent in in�nite preision implementation: anidential set of losed-loop eigenvalues �i(A(X)), 1 � i � m+ n, whihare all within the unit disk.
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Communiation Group S ChenClosed-Loop Stability Robustness Measure

� In FWL �xed-point implementation, X ! X + �X and �i(A(X)) !�i(A(X+�X)).� Closed-loop stability measure (Li 1998)

f(X) 4= mini2f1;��� ;m+ng 1� j�i(A(X))jpN ��i(A(X))�X Fwhere N = (l + n)(q + n) and k � kF the Frobenius norm.� f(X) quanti�es the \robustness" of losed-loop stability for the realizationX to FWL ontroller perturbations:Under some mild onditions, the larger f(X), the larger the FWL error�X that ontrollerX an tolerate without ausing losed-loop instability.
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Communiation Group S ChenOptimal Realization Problem� The optimal FWL ontroller realization problem (Li 1998)� 4= maxX2SC f(X)

� Closed-form solutions was attempted in (Li 1998), but ended withsuboptimal solutions.� Diret numerial optimization has to apply: omputationally ostly andno way to know if a solution obtained is a global optimal solution.� Our two-stage approah:1. Construt a losed-form realization set that ontains global optimalsolutions under a mild ondition;2. Searh in this set for a global solution with a numerial algorithm thatare muh more eÆient than usual numerial optimization.
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Communiation Group S ChenSingle-Pole Stability Funtions and Their Peaks� 8k 2 f1; � � � ;m+ ng, de�ne the single-pole FWL stability funtion of Xg(X; k) 4= 1� j�k(A(X))jpN ��k(A(X))�X Fand further de�ne the single-pole peak of FWL stability as�k 4= maxX2SC g(X; k)

� Theorem 1 � = �k1 4= mink2f1;��� ;m+ng �k if and only if there existsXopt 2 SC and k1 2 f1; � � � ;m+ ng suh that g(Xopt; k1) = �k1 andCondition ℄ : g(Xopt; k) � �k1; 8k 2 f1; � � � ;m+ ng n fk1gObviously, suh an Xopt is a global optimal solution.

6Communiation Group S ChenRemarks� The assumption that Condition ℄ an be met is a reasonable one.� It turns out that the setX 4= fX : g(X; k1) = �k1;X 2 SCgan be onstruted in a losed-form. Sine X = X(T), X is de�ned onthe transformation setT 4= fT : g(X(T); k1) = �k1;T 2 Rn�n; detT 6= 0g� T an be searhed for an Topt meetingg(X(Topt); k) � �k1; 8k 2 f1; � � � ;m+ ng n fk1g� This is muh more eÆient than minimizing f(X) over SC. Moreover, ifa solution an be found in this way it is a global optimum for sure.
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Communiation Group S ChenClosed-Form Transformation Set� Let pk and yk be the right and reiproal left eigenvetors related to thelosed-loop eigenvalue �k, respetively.� Theorem 2 The value of �k is easily determined, and g(X(T); k) ahievesthe maximum �k if and only if
T = Q � H1=2 0F(H1=2)�T 
 �V

whereV 2 Rn�n is an arbitrary orthogonal matrix, the orthogonal matrixQ is know, and1. omplex pk and yk: 
 2 R(n�2)�(n�2) is an arbitrary nonsingularmatrix, the 2� 2 matrix H and the (n� 2)� 2 matrix F are known;2. real pk and yk: 
 2 R(n�1)�(n�1) is an arbitrary nonsingular matrix,the salar H1=2 = ph and the (n� 1)� 1 vetor F are known.
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Communiation Group S ChenSearh Algorithm� Aording to Theorem 2 and setting V = I, T is given in the form:T = �T(
) : T(
) = Q � H1=2 0F(H1=2)�T 
 ��

� The objetive: searh for a nonsingular 
opt 2 R(n�2)�(n�2) suh thatg(X(T(
opt)); k) � �k1; 8k 2 f1; � � � ;m+ ng n fk1g(If �k1 is real-valued, 
 2 R(n�1)�(n�1).)� Notie that g(X(T(
)); k) is di�erentiable with respet to 
.� With the derivative, we know how to hange
 so that g(X; k) inrease forthose g(X; k) < �k1, and g(X; k) do not derease for those g(X; k) � �k1) 
 is updated iteratively until all the g(X; k) � �k1.
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Communiation Group S ChenDesign Example� Li (1998): m = 5, n = 6, l = q = 1; a losed-loop system of order 11.� The ontroller transfer funtion C(z) has been given with the ompanionanonial form of C(z) as the initial realization.� The losed-loop system: �ve pairs onjugate omplex-valued eigenvalues�1;2, �3;4, �5;6, �7;8 and �9;10, and one real-valued eigenvalue �11.� The single-pole peaks of FWL stability are�1;2 = 2:5072e� 3; �3;4 = 2:1295e� 3; �5;6 = 6:7344e� 6;�7;8 = 2:8586e� 3; �9;10 = 3:0832e� 3; �11 = 4:3181e� 3:

� The minimum value of all the �ks is �5 (or �6)) k1 = 5 and the matriesQ, H and F are determined ) T = fT(
)g.

10Communiation Group S ChenIterative Searh
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Communiation Group S ChenGlobal Optimal Solution� During eah iteration, X(T(
)) meets: 1) g(X; k) inrease for thoseg(X; k) < �k1; 2) g(X; k) do not derease for those g(X; k) � �k1.� At the 37th iteration, a global optimal realization X(T(
opt)) is found,sine at this stage Condition ℄ is met:g(X(T(
opt)); k) � �k1; k 2 f1; 2; � � � ; 11g n f5; 6gand the searh algorithm terminated.� Values of the losed-loop stability measure for the initial and globaloptimal realizations X0 and X(Topt) are:f(X0) = 3:1797� 10�11 f(X(Topt)) = 6:7344� 10�6a fator of 2�105 improvement in the losed-loop FWL stability measure.
12



Communiation Group S ChenConlusions and Future Works

� We have developed an eÆient method to solve the optimal ontrollerrealization problem based on maximizing a losed-loop FWL stabilitymeasure.1. This method does not su�er from the drawbaks assoiated with usingdiret numerial optimization methods to takle the problem.2. under a reasonable and mild ondition, our method an �nd globaloptimal ontroller realizations for most pratial systems.� The arbitrary orthogonal matrix V 2 Rn�n in the losed-formtransformation set T an be explored to design:1. global optimal (in losed-loop stability sense) realizations of �xed-pointontroller with the smallest dynami range.2. sparse global optimal realizations of �xed-point ontroller.
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